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XXIV. On Spherical Motion. By the Rev. Charles Wildbore 3
communicated by Earl Stanhope, F. R. §.

Read June 24, 1790,

'H IS Paper, which has coft me much pains in patient
inveftigation, is occafioned by that of Mr. LANDEN, in
the Philofophical Tranfaltions, Vol. LXXV. Part If. 1 am
no ftranger to this gentleman’s great judgement and abilities in
thefe abftrufe {peculations, but have a very high opinion of
both ; yet I could not but think it ftrange, that two fuch ma-
thematicians as M. p’Aremeert and M. L. Evrer fhould
both follow one another on the fame {ubje&, both agree, and
ftill not be right. I therefore refolved to try to dive to the
bottom of their folutions, which thofe who are acquainted with
the fubje@ know to be no light tatk ; and, if poffible, to give
the folution, independent of the perplexing confideration of =
momentary axis changing its place both in the body and in
abfolute fpace every inftant ; and which I look upon as not ab-
{olutely eflential to the dctermination of the body’s motion.
But finding that I could not thus fo readily thew the agrees
ment or difagreement of my conclufions with thofe of the gen-
tiemen who have preceded me in this enquiry; I have alfo
added the inveftigation of the propertics of this axis, And1
fuppoic it will be found, that I have added maiy properties
unknown before, or at leaft unnoticed by any of them.
M. LANDEN’s
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Mr. WiLDBORE on Spherical Motion. 497

M. Lanpen’s very important difcovery, that every body,
be its form ever {o irregular, will revolve in the fame manner
as if its mafs were equally divided and placed in the eight
angles, or difpofed in the eight o&ants of a regular parallelo-
pipedon, whofe moments of /nertia round its three permanent
axes .are the fame as thofe of the body, ferves admirably to
fhorten the inveﬂilgation, and render the folution perfpicuous.
I have therefore here taken its truth for granted, becaufe it is
alfo exaltly agreeable to the folutions of the other gentlemen,
and faves the trouble of repeating what they have done before.
I have alfo thewn wherein, and why, his folution differs from
theirs, and proved, asI think, undeniably, in what refpe&s it
1s defe&tive.

That the snertia, or, as M. EvLzr calls it, the momentum
of inertia, is equal to the fluent or fum of every particle of the
body drawn into the Iquare of its diftance from the axis of
motion ; and the determination of the three permanent axes,
or the d’emonﬁ:fati‘ony that there are, at leaft, three fuch axesin
every body, round any one of which, if it revolved, the velo-
city would be for ever uniform, I have alfo taken for granted,
becaufe thefe things have been proved before, and all the gen-
tlemen are agreed in them. Difficulties that occurred I have
not concealed, but thewn how to obviate, and endeavoured to
place the truth in as clear a light as poffible ; which to difco-
ver is my with, or to welcome it by whomfoever found.

PROPOSITION I

Whilft a globe, whofe centre is at reft, revolves with a
given velocity about an axis pafling through that centre, to
Vor. LXXX. Ttt find



498 Mr., WILDBORE on

find with what velocity any great circle on the furface, but
oblique to that axis, moves along itfelf.

‘Let I{Tab. XX. fig. 1.) be the centre, and BL4 the axis round
which the globe revolves with a velocity = ¢ meafured along the
great circle GH, whofe plane is perpendicular to that axis, and
HSGs any great circle whofe plane is oblique to the axis, ESF
and esf two lefler circles of the fphere parallel to the great cir-
cle GH, and touching HSGs in S and s; then, as the radius
Bl which may be fuppofed unity : ¢ :: the radius of the lefs
circle ESEF = the finc of the arc BE or BS : the velocity along
the circle ESF=the abfolute velocity of the point S on the
furface of the globe: but the point S is alfo upon the great
circle GSHs, and therefore this is alfo equal to the velocity of
the point s along the great circle GSHs; and for the fame
reafons the point S, which is diametrically oppofite to S on the
furface, has alfo the fame velocity. Let P be any other point
in the great circle GSHs; then, fince as the" globe revolves the
diftances SP and sP always continue invariable, the velocity of
the point P in the circle HPS in the dire@ion of the periphery
of the circle itfelf muft be equal to that of S and s; and is
therefore the velocity of every point of this circle along its
own periphery.

Corollary 1. Hence it follows, that in whatfoever manner a
globe revolves, its velocity meafured on the fame great circle on
its furface muft be the fame at the fame time at every point of
the periphery of that circle. ‘

Corollary 2. Confequently, howfoever the plane of a great
circle varies its motion, the velocity at any inftant is at every
point of the periphery equal aiong its own plane.

DETF I-
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DEFINITION.

The points S and s, where a great circle from the poles B
and 4 of the natural auis cuts any great circle GSHy (at right
angies) I call the nodes of that great circle.

Corollary 3. If O be the pole of the great circle HSGs, then
the gicbe may be confidered as moving round the axis whofe
fine of BS

Bl

ried along the lefler circle ADA, which is parallel to the mid-

. . : fin. O f. BS
circle GH with a velocity =¢ x - x <2

pole 1s O with a velbcity =0 XK ——y whllﬁ the pole O 1s car-

=

; and this

way of confidering the motion, which is ufeful in what
follows, comes to the very fame as the motion along the
great or midcircle GH with the velocity =c¢, becaufe ¢ x

1. BS* {, BS? . g
-—é}?—--{-.cz X f_ﬁz__ ¢*. Confequently, the fum of the fquares -

of the velocities at the node and pole of any great circle upon
a {pherical furface thus revolving, is equal to the {quare of the
velocity round the natural (or momentary) axis BI6.

Corollary 4. Since the pole O is at go°® diftance from the node
S, its motion can have no effet at S or s, the motion at the
nodes, therefore, of the great circle HSGs is that of the great
circle along its own proper plane; but any other point, as P,
partakes both of the motion along the circle, and the motion
of its pole. The direQion of its motion being along the lefler

circle Pp, parallel to FSE, and its velocity therein =

¢ x?—%g; the velocity of P therefore, in the dire&ion of the
. 150

great circle OP, which is perpendicular to SP in P, is=

32 32 . . .
\/(f E}’iz {B]Z: ), and along the great circle B its velocity =o.

Tttt 2 PROPO-
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PROPOSITION II.

Suppofing the centre of a {phere to be at reft, whilt the
furface moves round it in any manner whatfoever ; then, if the
fame variable point O, confidered as the pole of an axis of
~ the fphere, be itfelf in motion, the angular velocity of the

{pherical furface about that axis will be uncquable, or that of
one point therein different from that of another.

For, let 1 (fig. 2.) be the centre of the {phere; draw the
great circle POF perpendicular to the direGtion of the motion
of the furface at O ; then muft the pole of this motion necef-
farily be in fome point P of this great circle POF. Let FC
be the great circle whofe pole 1s P, and LQ that whofe pole is
O then, the velocity of any point F of the great circle FC
muft, by the preceding propofition, be equal to that of any
other point H thereof. Let that velocity be reprefented by the
equal arches FG and HK, and from the pole O draw the great
circles OGM, OHN, and OKA, cutting the great circle LQ.
in M, N, and A ; then muft LM reprefent the angular velo-
city of the point I about the axis IO, and NA that of the point
H. But, by Prop. 9. Lib. III. TrEoDOsII Sphericorum, LM
is greater than NA; and confequently the angular velocity of
the point F about IO is greater than that of H; and confe-
quently the angular velocity of the furface about the axis I0is
unequable.

Corollary. Hence, about whatever axis the angular motion of
a fphere is equable, the pole of that axis, and confequently
the axis itfelf, muft be at reft at the inftant. Different motions
may have different correfpondent poles, and confequently,
when the motion is variable, the place of the pole of equable

motion
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motion on the furface may vary.; but whatever point on the

furface correfponds with that pole muft at the inftant be at
reft.

PROPOSITION III.

Let ABC (fig. 3.) be an oltant of a fpherical {urface in mo-
tion, while the centre is at reft; and let the velocity of the
great circle BC in its own plane=g4, and in a fenfe from B
towards C; that of CA in the fenfe from C towards A=34,
and of AB from A towards B=c. If thefe three velocities
a, b, and ¢, be conftant, the fpherical furface will always re-
volve uniforrply about the fame axis of the fphere at reft in
abfolute fpace.

For, let ABC, abc, be two pofitions of the revolving o&ant
indefinitely near each other, Aa, Bb, and Cc, the tracks of A,
B, and C, in abfolute fpace. Perpendicular to Az draw the

great circle SOA, and perpendicular to B4 the great circle BOQ,
cutting SOA in O and CAin Q; then, becaufe Az is indefi-
nitely fmall, the two triangles Apa right-angled at p, and a’Agq
right-angled at A may be confidered as plane ones, and are
therefore fimilar; and fince the angles pAQ and gAa are both
right ones, taking away ¢gAp, which is common, the angles
pAa, gAQ,’ muft be equal; but as pA :pa:iic:d, likewife
PA : pa f. pal i L. pAa, and paA=pAq, pAa=gAQ; con-
fequently, as f. pAg: £ gAQ :: ¢ : 4, that is, the fines of the
“angles BAS and CAS are proportional to the velocities along
AB and CA; confequently, the fines of thearches SB and SC
which are the meafures of thofe angles muft be in the fame
ratio. In like manner it appears, that as {. CQ :{ AQ ::

4 a
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a@:c:{.CBQ: . ABQ. Moreover, {. SOB : radius :: (. SB
:£.BO :: fL AQ: {. AO. Through C and O draw the great
circle COR; then, as L AO : radius :: {. OAR : L. OR :: f,
OAQ:f.0Q, or {. OR: . OQ:: . CAR: L OAQ :: c: b,
and for a fike reafon, L OR : L OS :: f, OBR : {LOB5 :: ¢ : 4,
that is, L. OR :¢c: L OQ :8:: .08 : 2, or {. OQ : L OS ::
b:a; but {LOQ:{.0S::{. OC%f. AR : {. OCS={. BR,
or L. AR: LBR :: 6: 4. Now, bcisultimately perpendicular
to ACin 4, fo the triangle Cdc being right-angled at 4, the fum
of the angles Ced, ¢Cd muft be=a right one, and their fines are
in the ratioof Cd': cd, orof b : a’; but the fum of the angles OCQ,
OCs, isalfo a right one, and their fines alfo have been proved
to be in the fame ratio of 4: 4, confequently the angle OCQ=
Ced, and OCS=¢Cd, to OCS and ¢Cd add the commen angle
OCQ, and the angle OCc muft be=BCQ a right one: confe-
quently OC is perpendicular to Ce the track of the point C, as
- OA s, by hypothefis, to As, and OB toBé. The fines of SO,
QO, and RO, areas g, 4, andc, alfo {. SO*+1. QO*+{. RO*
by trigonometry = the fquare of radius=1; hence {. SO*+
f. Q0'=1-{. RO’={. CO*; {. SO*+{. RO*=f. BO?, 1. QO°
+{. RO’ =1 AO*; confequently, {. AO®, {. BO* and {. CO* are

as O’ +¢°, a*+¢*y and a* 44, or as Aa’, BS, and Cc*; where-

fore the velocitics v/6*+¢, V'a*+¢°, and /4" +4°, of the
points A, B, G, are in direCtions perpendicular to AO, BO,
and CO, and in the ratio of the fines of the arches AO, BO,
and CO, that is of the diftances of the points A, B, and C,

from the axis whofe pole is O, the tracks of thefe points are
‘therefore circles of the fphere whofe radii are thofe diftances.
And fo long as the velocities @, 8, and ¢, are invariable, the
points Q, R, and §, which are always at the fame diftances
3 from
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from B, C, and A, muft be always at the fame diftances from
O, that is, OR, OS, and OQ, are conftant, and the point O
at reft. And this muft alfo be the cafe if @, &, and ¢ be
variable, provided they have the fame conftant ratio amongft
themfelves.

Corollary. Hence the points Q, R, and S, are the nodes of
the great circles CQA, ARB, and BSC.

Scholinm, The demonfiration of this propefition being thus
ftridtly given, {fome notion may be obtained of the manner in
which the point O varies its. place upon the fpherical furface
when the velocities along the circles AB, BC, and CA, are va-
riable. Thus, 'let fuch fpherical {urface, fo revolving, receive
an inftantaneous impulfe, at the diftance of a quadrant or go°
from 8, in a diretion perpendicular to the plane of the great
circle CSB; then, the centre of the {phere may be kept at reft
by an equal and contrary impulfe at this centre ; and fince, by
hypothefis, the impulfeis given go° from S, and in a direction
perpendicular to the plane of the great circle CSB, it-can nei-
ther alter the place of the node S upon the circle, nor the ve-
locity in the diretion of its periphery, but only thofe in AB
and CA. Thus, if the velocity in BA which before was=¢
be now equal to z; then, as {. SB: % :: f. SC: the velocity
along CA, let this=y, whilft ftill the velocity along CB con-
tinues as before=a; and this will caufe the point O to fall upon
another point of the great circle SA: {o that whereas before
the fines of OS, OR, and OQ, were as 4, ¢, and 4, they thall
now be as a, z, and y. Confequently, as {L SO : rad.=1 :: 0 :
‘the velocity at go° from O, {. OR : 1 :: z: the velocity at go°
from O, and . OQ :y :: 1 : velocity at go° from O, which
three quantities muft therefore be equal to one another, and to

the angular velocity of the fphere about the axis whofe pole
18
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is Oj let this angular velocity =e, then muft ¢ x f, SO =g,
ex{.OR =3, and ¢ x {. OQ—=y, and the {um of the {quares
of thele three, or a*+2*+y"=¢" x i SO +¢* x{, RO*+¢" x
{. Q0 =¢", becaufe {, SO°4+{. RO"+1{. QO* =1, hence ¢=
V@ +% +y"; whereas, before the impulfe e:V&r:ﬂF.
"Thus not only the place of O, but, if ="+y* be not=24"+¢*,
the angular velocity of the fphere about its fingle axis will alfo
be altered. Hence then if, inftead of an inftantaneous im-
~pulfe, a motive force be fuppofed to a& in the fame direion,
and meafured at the fame point where the impulfe was juft
now fuppofed to ad; fuch force can neither vary the point S
nor the velocity 2, but will in time vary 4 and ¢, and caufe the
point O to alter its place in /SA ; and thus the velocities 4 and ¢
will vary to ¥ and %, and e=V/&" 6 +-c* to =V +5* + =,
juft as it would have been by a fingle impulfe, excepting that
then, when the impulfe was over, ¥ and = muft have become
conftant quantities, whereas now they will vary perpetually
during the time that the motive force aéts, and the point O
will thift its place {o-as at different times to coincide with dif-
ferent points of AS, though at any one inftant the point
of the furface that coincides with it muft be at reft, by
Prop. 2.

PROPOSITION 1V,

If a fpherical furface, whofe center is at reft, revolve in any
manner Whatfoever, {o that the velocities along the three qua-
drants bounding any oftant thereof be exprefled by any three
variable quantities ¥, y, and z; to find the neceffarily cor-
tefponding accelerating forces with which the place of the

natural
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natural or momentary axis, and the angular velocity of the
furface round it are varied.

Here, other things remaining as in the preceding propofition,
mftead of the conftant quantities a, 4, and ¢, we have the
variable ones #, ¥, and =.  Let the variable fines and cofines of
AQ, BO, and CO, be refpe@tively exprefled by 6 and 8, ¢ and
v, and d and 3; and let #=the time from the commencement
of the motion; then it is well known, that the refpeétive
accelerating forces along CB, CA, and AB, muft be expreficd by
X

= )%, and ; ; and the radius of the fphere being fuppofed =

4
unity, the angular velocity about the axis whofe pole is

O=€:\/x2+y1+z1=€§/62+?2+874’ eB:x’ gy:y,/ 68:{:%,
9&=e,@+[3é,j:ey+yé, ':e"&—}-é‘é, B9+ =1, /33'+y,?+3‘}§’

=0, B +y=1-¥= B+3Z"‘I—-'y.~g, Y 4&=1-0
| . R

=5, s Mty tEE oy dy =B I Z. And

€= Vi iy +z =fity+ 8 y - ?

by fpherics, asg : 1 :: 3 : - _qf OBR={. QA :: B:- —1.OBS
=1.CQ =col AQ, tang.AQ:E and the fluxion of the arc AQ:

'; { ff But, by the foregoing propofition, BO is perpendicu-
lar to B4 the track of the point B confequently, as {. OBR

=1{ AQ_: {. OBS=coll' AQ :: 3 : x; therefore the tangent of

% " xz--Zx eBXn?+é‘e—¢'3XrB -}—BP {3§-—~3é .
AQ= - and AQ= o S =g s before ;

therefore, whether ¢ be conftant or variable it makes no differ-

ence 1n the expleﬁion for AQ, In like manner it will appear,
s
_yi—aj _yB—By _m=yk _

that BR = ey qxld CS= TR iE Moreover, as

Vor, LXXX. Uuu rad.
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rad. =1 : the alteration of the place of Q round B, orin the

great circle AC=AQ :: f, BO=g=v/F 47 : jlﬁ’j’ = the

momentary alteration of place of O round B, or 1n a dire&tion
perpendicular to the great circle BOQ at O, and the cor-

v

refponding alteration of BO, that is, BO= — —%— =
) p g f k] 3 ’ "/B? }“3& g

the fluxion there ore of the track of O upon the {pherical
p p
fufface dﬁzgz_zgpgg,}_gzpz_*_y _ Jﬂzgz_',g}g(};\_l_;zjz_l_,yzxgz + z+gz _

= gz @4
92:3\2_ 3&35\ 32{32 - XTI Fzéz B.'?m.—i- 32,§z R - .
dp 285334 + gz'+\zy +523% 2 =\/3 +Bz+'}7 . Agam,

the accelerating force in BA :; refolved into the dire&ion of

2-: .

the great circle BO at B 1s -; x cof, OBR-—--? x 5, and that

f’t,-’along BC refolved into the fame dire&ion is ’:« X '2, and the
‘ g

difference of thefe, or the accelerating force in the dire@ion

BO 1n the fen{e from O towards B :Bé:%& o BRetd—IX it e
g gi

Ba—-%@

in like manner that along CO in the {enfe from O

e X

P - .
towards C=1 — L=¢x %&, and that along OA from O

towards A:'—}z—;—};—%:e X —3—7,%; and as LROA (fig. 3.) = f COA

=2 " e
CEVER this laft mentu;nmd fmce de x 7«* one equiva-
lent thereto, butka&mg perpendicular to CO, and urging from
O, that is, drawing the great circle DOE perpendicular to

BO; then, as 1 : {, DOC {, ROEn— 2 this laft force : the

{ame
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fame reduced into the dire&tion OE =e) x 3’};?’3' adting - per-

pehdiculax‘: to the great circle BO, and in -the fenfe from O
towards E : the {ame force reduced mto the direGtion of the

great circle BOat Ois=¢f x =7 . > in the fenfe from O towards"
¥i

Q : in like manner is found a force equivalent to that_ln CO,

but a&ing perpendicular to AO = ebd XZB_;_?Z , which reduced
. y | \

into the dire&ion OD is=¢8 x z@,;?j_ in the fenfe from O to-
wards Dj but this fame force perpendicular to AO, when
reduced into the direGtion BO, is=¢d x "L 7 B ~ in the fenfe from

gyt

O towards Q, which being added to the other above found

ARB—LyFeBXB—od . o @L__ the acce-
gt &t -
leratmg force ar1ﬁug from thofe which aét at 0 along the great

circles OA, OC, which force a&s in the fenfe from O towards
Q, and therefore in a contrary fenfe, thatis, from O towards B it

force in BO gives

mLf’c be= ¢ x P jB as before found, the operation thus proving
g ‘ :

itfelf. In like manner, from the two forces now found, which
a& perpendicular to OB at O, there muft arife one a&ting along
OD in the fenfe ﬁom O towards D, which will therefore be =

—-——-—ﬂ'

—~By —-t? 3—— 3 :

| Ly—0dy= —-Z. . Thls laft force may be oth‘erwxfe found thus, v

the acceleration=y round B at Q, and as1:g 2y :gy=the
acceleration round B at O owing to y, in like manner, the
acceleration round C at O owing to 2 is=dz, which refolved

Uuuz into
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into the direftion perpendicular to BO at O is=d2 x {{ ROE =

o

5 alfo the acceleration &% at O perpendicular to AO reduced
into the dire@ion perpendicular to BO = 4x x . DOS =

e , hence the whole acceleration along DE at O, which ma-

(b
nifeltly arifes from thele three, is= "'—f +'7‘—;z — gy, and the acce=
¥ 8

24

73:: 'w z-—-° —2%

lerative force =~ which, plopenly reduced, becomes —

gt

. as before. And the force which is compounded of the two
&

% and - “’ 1s= -\/M el +v __..\//3:.1_.}, +5

forces ¢ x

alting pcrpendicular to the track of O upon the moving {pheri-

_F +oy+o
i

cal furface; and is- the accelerating force ating

along the mxdcucle, or that which is go- diftant from O, to
alter the velocity about the natural or momentary axis whofe
pole 1s O. Hence, an{werable to the three accelerating forces

’—; %, and % -, round the axes whofe poles or ends A, B, and C,

are always the fame invariable points upon the moving fpherical
{urface, there arife three other accelerating forces, namely,
e x‘@'gitie, g:, and Bx+”+3z
pole of the momentary axis, and the latter is that whereby the
velocity about the momentary axis is altered.

; the two former aling at the

SCHOLIUM I

and

From the preceding inveftigation of the forces e x ©—"2
, . &t

’—g, it follows, that they are notat all affeced in expreflion by
the
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the variation of ¢, but are denoted by the fame quantities,
whether e be conftant or variable; which - conclufion, and alfo
the values of the forces themfelves, is perfeltly agrecable to
what is brought out by Mr. L.ANDEN, by a method fo very
different, in the Philofophical Tranfactions for 1777.

But it is here carefully to be ncted, that thefe are not motive
forces, but accelerative ones; for no notice whatever is yet
taken of the internal ftruture of the revoiving globe; but the
expreflions hold true, be that ftructure what it will: if it be
fuch that one and the fame quantity, drawn into each accele-
rating force, will give the correfpondent motive one, then are
the motive forces proportional to the accelerative ones, but
otherwife not. It may here alfo be obf@rved, that it is quite
conformable to nature, that thefe accelerating forces thould be
.exprefled by the fame quantities whether ¢ be conftant or va-
riable; for thefe forces, aéting at the pole of the natural axis,
cannot poflibly have any effect upon the velocity round it.  But
it is not hence by any means to be concluded, that the velo-
city about the axis is therefore conftant ; becaufe thefe are not,
in general, the only accelerating forces that act upon the body,
but there is alfo a third accelerating force whofe value is

ft. arifing from the different variability of x, y, and =, and
which cannot vanifh except @5+ 9y +35=0, it therefore can
only vanith in particular cafes.

If the equation é= fBi+9y+J% be fquared, there will
thence arife after due ordering ¢ =&+ + 2" — € X
(48— @2—}—63— §§?’+37 —3"), where the member which is
drawn into & keeps its form whether ¢ be conftant or variable,

but by no means will %*+542*, after due f{ubflitution, do fo
3 too.
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too. If e=o, then &=x +7" +2*, the motion being then
round what M. Evrer and M. p’AvemserT call the inirial
axis, or that about which the body at reft would be firft urged
to move by any external forces alting upon it; and which they
have determined with fo much labour; though here 1t follows,
as a neceflary confequence, that the force with which the body is

turned round this initial axis is = \/:T +-yt.—2 +5 or 2 force =
the fum of the forces round the axes whofe poles are A, B,

and C,
G-

Moreover, by the general laws of all motion, =——, —~2, and
gt &t

\/ P47+ are the velocities with which the pole of the mo-
z .

mentary axis fhifts its place in direGions perpendicular to
RO, along BO and along its own t'rack on the furface refpec-
&ively. And it is by taking the fluxions of thefe, and
dividing each fluxion by that of the time, that the acce-
lerating forces are had, which are due 'to {uch alteration of
place of the momentary pole; and thefe muft by no means be

confounded with the forces before found — -;1; and g-i_— X E}_ e

“in thofe dire&ions, thefe laft pertaining to the tendency of the
furface itfelf to motion at O, and the others to the thifting
of the pole of the axis upon the furface, which are different
motions, as will more clearly appear from what follows.

The preceding general properties of motion obtain in all
bodies revolving round a center at reft, be their motion ever {o
irregular ; the three great circles bounding an o&ant of the
{pherical furface revolving with the body are alfo taken ad /ibi-
tum, being any fuch circles whatever upon the furface; and
hence the following very important confequence is drawn, vrz-

! | IF
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If any body be in motion, or put in motion, by inflantancous
impulfe or otherwife, about its center of gravity at reft in abfolute
Space, if, by any means, ihe accelerating forces acting along the three
great circles bounding any' oltant of a fpherical furface that has
the fame center of gravity and revelves with the body, can be
Jound, thofe acting at every other point of fuch furface will nece/~
Sarily follow as natural confequences of thefe three, and thus all
the motions of fuch body will be abfolutely determined,

SCHOLIUM. II.

As the above conclufions are exceedingly general, in order
to form a diftin& idea how fuch furface moves, it may be pro-
per here to illuftrate it by a particular example.  Let then the
velocity x be fuppofed conftant, and alfo the angular velocity ¢ ;
then, from what is fhewn above, fince ¥x=o0, & =x*+ Y 42"

=ex 49"+, e6=yj+2=0=¢" X 35180, y9;+a“3:: 0,
B=o0, B a conftant quantity, therefore 4 is conftant, and the
track of the point O upon the furface is a lefler circle of the
fohere at the conftant diftance AO from the invariable point A
of the furface, the radius of fuch leffer circle bemg b=1. AO
(ﬁg 4.) alfo y*+ =" = the conftant qumtltv == - =

6= x 9’15, x8= —y, N= -W=gg, and the velocity

2% 2
g+/+§ with which the pole O fhifts its place =

\/ z.;sz~~ 5232+'y232 43 ad }2(). But ftill an expref—-

z" M/bz._é"'

fion for £ s wantmg; to the two preceding data it is therefore
neceflary to add a third, which may be that the velocity with
which Ofhifts its place in the circle EOF is alfo conftant. Which

will
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will come to the fame as a cafe occurring hereafter, when

Y=o, 2 =~-Zand 5 =212 where A is fome conftant quantity ;

i i A ,
for then ¥ =o=efl+L0¢ ef=xi+yj + 2% =) + 2% = ey J-edz,

Emoy+ 03 = __?i‘;_t "l’%f:;x —yBd+9Bd=0, therefore ¢ is

A% _ Al __ A} . ..
conftant, and ¢ -—-—«Z = ;%——;67, and fince é=o, and ¥=¢f +
Y
Ré=o0 =B} therefore B=o, B conﬁant, and 9=v/6* -3,
b\

therefore £ = TB X and 7= 73 x arc EO; confequently,

the velocity with which O fhifts its place in the arch EQ is=

¢’ which is a conftant quantity.
A

PROPOSITION V.,

The fame being gi'ven, as in the laft propofition, it is pro=
pofed to illuftrate the manner in which the furface moves with
refpect to a point at reft in abfolute {pace.

Let Z (fig. 4.) be a pomt touching the furface, but at reft
in abfolute {pace whilft the {urface moves under it in any man-
ner whatfoever. In any one pofition of the o&ant ABC
through Z draw the great circles As, By, and Cr, which by
~the property of the fphere muft be perpendicular to BC, CA,
and AB, refpe@ively; then muft the velocities of the {pheri-
cal furface at s, ¢, and », mn direGtions perpendicular to each
of the circles As, By, and Cr, be x, y, and =, the angular
velocities therefore about Z, with which the furface pafies

inder s, ¢, and 7 muﬁbe__- J
UnGer £, ¢, and 7 Tz’ T 2g°

O draw the quadrant of agreatcircle ZY 5 then,as 8:x :: f, Y

z
and o throughZand
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v ¢ x {. OY =the velocity of the moving fpherical furface at Y,
* which is therefore the angular velocity of the furface at Y
~ round an axis at reft whofe pole is Z, becaufe ZY =go°;
~ which four values obtain, let the point Z be taken at reft in,
abfolute fpace wherefoever it will. Alfo, e'x {. OZ is the ve-
locity. with which the furface pafles under Z in a dire&ion
perpendicular to the great circle OZ at Z, which muft there-
fore be the real velocity of the furface itfelf there at that in-
ftant ; therefore the fluxion of the track upon the furface
which continually paffes under Z is =¢ x {. OZ x f=,

NCZs 2y L From which equation, and the pro-
pertics of O found in the preceding propofitions, general ex-
prefiions for the relation of Z and O may be obtained. But,
feeing that there is fuch a latitude in determining or fixing
upon a proper point Z out of an infinity of points at reft, and
this handled in a general manner will run into a complex ca/-
culus 3 in order to fix upon a point Z under the moft eligible
conditions, it may be beft to deduce them from the properties
of any particular problem that comes under confideration.

For example, taking that in the fecond fcholium to the laft
propofition, where x and e are conftant, and_y’ 4 2’=¢ —1" is
alfo conftant and =€’y 4+ 63" = ¢* — ¢*C* = ¢°0", or ¢’ + 3= 4" alfo
conftant ; and the velocity with which O fhifts its place along its

proper track = ; , conftant alfo. Here, in order to fix upon

a proper point Z, fuppofe the motion to begin when O (fig. 5.)
is upon the great circle AB at E, and after fome determinate
time = #, fuppofe the o&tant ABC to have arrived in the pofi-
tion A’B’C’, and that in this time the point O has fhifted its
place from E to O, that is, fuppofing the oftant ABC to be at '
reft in abfolute fpace, while A’B’C’ is in motion, on A'B’

Vor, LXXX. Xxx taking
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taking A’e=AE, the point O will have fhifted its place in the
time 7, in abfolute fpace from E to O; and upon the moving
{pherical:{urface from.e-to O-along: a. lefs circle whofe radius is
equal to the fine of AE={, A’e={. A’O'=4. Now, at the
commencement of the motion, that is, at AB, the firft velo«
city of the point A along CA ise x {. AE =e¢b=the then value
of ¥, becaufe the pole of the natural axis of motion E being
then upon AB, the value of 2=o0, and the pole E fhifting its
place in the fenfe EO in abfolute {pace, and the invariable
point A of the {pherical furface moving in the fenfe AA’, there
muit be fome point Z between E.and A at relt with refpe& to
both thefe motions, or round which. both of them may be
fuppofed performeds; its property muft then be fuch, thatas
1. AZ : {L EZ :- velocity of A=¢b :to the velocity with which

1. EZ | elﬁ’ .
f_A_Z but == is the

velocity with which it thifts its place upon the movmg {pheri-
cal furface at E about the radius ={. AE={. AZ+EZ. And
when O is at E. the velocity with which the {pherical furface
pafles under Z will be ex{. EZ. Again, when O is the
place of the momentary pole, the velocity of the point A’=
VYVt R =e/y +5 =cbas before, and the velocity with which

O fhifts it place round A’ = K as before ; it therefore fhifts its

the pole E begins to fhift its place = eb x

place round fome point Z in abfolute fpace fuch that ef x __o_g is

ftill the velocity with which it thifts it, which, becaufe A’O=
AE, muft be the fame velocity and the fame point Z as before.
Confequently, the point O thifts its place along a lefler circle
of the fphere whofe radius ={. EZ =1. OZ, and in the time of

fuch fhifting from E to O, or from A to A’, the point of the
2 furface



Spherical Motion. 1€
furface which at firft was under Z will arrive at = in A“B"
where A’zs=AZ, and E confidered as the fame invariable

pomt of the furface will arrive-at ¢, fo that A% =AE; there!
fore, fince EZ=07Z is conftant, and Z at reft both with
with refpe to the velocity ¢b of A’ round it, and the velocity

‘%—B- with which O fhifts its place, it muft be as L EZ=1 OZ

{.AZ :: ”’bB eb :: % : 1, but 4 and @ are the fine.and ‘coﬁne of

AE_A’O:,EZ +AZ; therefore, as {{ EZ=0bxcol. AZ -0
x{, AZ : Bx 1. AZ :: zli + 1, and as Z)Lxcof AZ :Bx{ AZ =+

E.A + 11 i:%:—-tang. AE : rang. AZ-— X , and £, AZ

A-[-I )
cof. AZ={.BZ :: 6A+ A+ 1 x 3 :: tang. AE : A+I , L AZ=

A andcof. AZ=_2+IXE . and thus a i
Y A* 1 2AR 8 VA 2R B ..

tiné idea of this motion of the fpherical furface is obtamed, it
being now clear, that the point A’ moves round Z at reft
with the velocity ¢6, and as L ZA: 1 :: b 2 ° A +:~ABL+BZ =
the angular velocity with which A’ moves tound the axis
whofe pole is Z, which is therefore conftant; and at the fame
time the furface itfelf moves in the dire&tion of the great circle
B’C’, that is about the axis whofe pole is A’ with the conftant
velocity ¥ =¢f3, which two motions may be confidered as fepa-
rate, and the reft as confequences of them; that is, ‘the point
Z is at reft, and the point A’ moves uniformly round it, whilit

the furface upon which A’ is an invariable point moves round
the axis whofe pole is A’ with an uniform angular velo-
city, thefe two angular velocities being in the ratio of

Xxx2 v
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VALY 2AR B ™ = ~
——é—-—tz 5 +8 1B, orof VAW +A+ 11" x 3% : AB; therefore,
the times being inverfely as  the velocities, as Af :
VA* +2ALB° 4+ " :: the time of one revolution of A’ round
7 :the time of one revolution of the furface round A/, that

1s, round the axis whofe pole is A’, which time is given be-

caufe ¥=¢f3, and confequently-the time of one revolution of
ebB

velocity with which the furface pafles under Z (at reft). The
angular velocity round the axis whofe pole is O=e¢, and the
velocity round O in a circle whofe radius is &=4e, O fhifts
its place in a circle of the fame radius 4 with a velocity =

8. the time therefore in which O fhifts through the leffer

>

A’ round Z 15 given.  Again, ex{. OZ = = the

circle ¢€Q is to that of one revolution round O (which time
. 5 .
may be fuppofed given) =T as ¢b ::'ff—g, oras I : E, that 1s, as
8 AT . . . .
—sr T —B——:the time in which O makes one revolution
T . )
upon the furface. Andasef: T ::e P =the time in whick

the furface makes one revolution round A’, or the axis whofe
pole is A’; and from the analogy above, the time of one revo-

lution of A’ reund Z:-_;~L————~. Alfo, as 1:{, AZ :2
VAT AR + B
Adl o .
eB: 2 = the velocity with which the furface would

TV AT AR R
pafs under Z, owing to the motion only round the axis whofe
poleis A’, and in a fenfe from B’ towards C’; whereas, owing
to the compound motion it really moves under Z in a contrary
- ebB

YT rare
neceflary confequence of the centres of the circles whofe radit

vi | ase:

fenfewith theveloc his is, however, only a
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are f. A’Z and {. EZ fhifting their places in abfolute {pace,
which therefore can in no wife affe&t the velocities round thofe
centres, which velocities muft flill be the fame relatively to
the centres as if the centres were at reft. Hence, then, the
nature of this {pherical motion is fuch, that the axis whofe
pole is Z being abfolutely at reft, the pole O fo fhifts its place

in a circle whofe radms:f 7.0 '11fo at reft, as to do fo with a

conftant velocity = eb x f ii = iA- = the velocity with which'it

thifts its place in the circle ¢€O on the moving {urface, the
track therefore on the moving furface ofculates or reils upon.

AT
that on the immoveable one. Therefore, fince == =the time of

one revolution of O upon the moving furface, and the time
of one revolution of A’, and confequently O round Z=,
W%mm; in the time of one revolution of O on the
moving furface, it will have fhifted its place round Z in the
crcle whofe radius =f. O7Z, through an arc = the whole peri-

phery x W that is, it will have made \/—— +2A+1

revolutions round Z: for, as the two circles ¢O and EO ofcu-

f. OA
; OZ_\/ﬁ’+ 2A+1 times the periphery of

EO to go round ¢O, that is, the point A, and confequently O
will have moved this number of times round Z at reft, whilft
O fhifts its place once round the fpherical furface in motion.
Hence then the nature of the motion round the momentary 1
axis whofe pole is O, and the fixed one whofe pole is Z, will
~ be apparent from the following fimple contrivance. A circle
EO to radius={. ZO={. ZE being drawn upon a {pherical

furface at reft, an ofant of which is ABC, let a paper, or
other

late, it will take
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other loofe furface, be fitted to this o&ant, and having on' the
‘centre A and radius AE defcribed a circular arc on the loofe
furface, let the part thereof EOFCBE be cut” away, and
completing the circle EF of the remaining part, let the cir-
cumference of this circle be moved uniformly along the cir-
cumference of the lefs fixed circle EO with the celerity

%Z;f beginning at the point E in each, fo that the moving circle

may roll along the fized one, that is, fo that the arc Oe of
the moving circle which has been in conta@ with the fixed one
may be always equal to the arc EO of the fixed one with
which it has been in contall; then, fince OZ and ZA’ are
conftant, and OZ perpendicular to both circles, the point A’
muft defcribe upon the fixed furface, the fame /ocus as in the
cafe of the motion above fpecified. The /ocus alfo of the mo-
mentary pole O will be the fame, and the angular velocity of
A’ about the momentary axis the fame as that of the moving
furface about it : for the celerity of O about the axis whole

pole 1sZ—-— being equal to the celerity about A’ in motion,
and the Jocus of A’ being a circle whofe radius={. ZA we
have, as L ZO : {. ZA" :: 'if{f : es=the velocity of A’, and as

fLOA’=5:¢b:: radius=1 ; e=the velocity about the mo-

mentary axis, as it ought.
 From this complete folution of the particular cafe may be
colleéted in general, that if the o&ant ABC be taken {uch
upon the moving fpherical furface, that the track of O there-
upon may crofs the two great circles AB and AC at right
angles, a point which is at reft with refpeé to both motions,
or round which they are performed like a fingle motion, may
at the inftant of the momentary pole’s crofling each of thofe
great
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great circles be found, in the fame manner as in the particular
cafe here {ipecified. And it will alfo be found for any pofition.-
of O, by means of the expreffions for the velocities found: in
Scholium I. Prop. 1v.; but of this more hereafter.

PROPOSITION VI

If a parallelopipedon’ (or other * folid) revolving uniformly
with an angular velocity == about one of its permanent axes
of rotation, receive an inftantaneous impulfe in a dire&ion pa-
rallel to that axis, the centre of gravity of the body being
{uppofed to be kept at reft by an equal and contrary impulfe
given to it, and no other force acing upon the body, it is
propofed to determine the - alteration in the motion thereof,
in confequence of fuch inftantaneous impulfe.

The impulfe being, by hypothefis, given in a direion per-
pendicular to that of the then only motion of every particle of
the body, cannot inffantly alter its angular velocity about the
permanent axis 3 but its immediate effe® muft be to caufe the |
body to revolve about a frefh axis, whilft the angular velocity, -
and confequently the momentum of rotation about the firft or |
permanent axis, remain unaltered by fuch inftantaneous im-.
pulfe; for though it gives a different dire@ion and velocity to.
the particles, by caufing them to revolve about another axis,
yet muft their relative velocity about the firft remain unaltered
by the nature of relative motion, becaufe the fecond or- addi-
tional motion is given in a direion perpendicular to the firft.
- Any alteration therefore which may be made in the velocity

about the firft axis, by reafon of the oblique motion of the
particles about it, owing to the then revolution about a freth
“axis, muft be a work of time. And to determine fuch alteration, -

% See the note (C) at the end of the Paper,
let
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et M = the mafs or folidity, and 24, 2c, and 25, be the three
dimenfions or length, breadth, and thicknefs of fuch parallelo-
pipedon; then it ‘is known that the momentum of inertia
round the axis on which the dimenfion 24 is taken will be=

1M x ¢ + 47, this being no more than the produét of a particle
of the body into the fquare of its diftance from fuch axis,
when integrated through the whole body, as is now too well
known to need the repetition here. Let I (fig. 6.) be the
centre of grawty or of inertia (they bemg both one) of fuch
parallelopxpedon, IB the permanent axis on which the dimen-
fion 2¢ is taken, CI that'on which 26 is taken, and a perpen-
dicular to the plane BIC (of the paper) at I that on which 2d
is taken then on the centre 1 defcribing the quadrant BSC,
whofe radius BI or CI may be fuppofed unity; if the body
once revolve about this laft named axis with an angular velo-
city == | meafured along the great circle BSC, and no external
force or impulfe a& upon it, it is agreed and well known, that .
the centrifugal motive force round fuch axis will be=Mz" x|

b*
S+ ond always bemg equal in contrary diretions round the

axis can have no power to alter the place thereof; but fuch
motion and motive force continuing always the fame, the axis
muft be at reft, and the velocity round it uniform for ever. But,
if the body whilft fo revolving receive (as by hypothefis) an
impulfe in a direCtion parallel to this axis, that is, perpendicu~
lar to the plane of the circle BCI, and an equal and contrary
one to keep the centre I ﬁl]l at reft, the faid impulfe being
perpendicular to the motion cannot inftantly alter the angular
velocity =, but will give the axis itfclf a motion in a plane
perpendicular to BCI, and confequently about fome axis SI in
the plane BCI, round which axis SI the centrifugal motive
forces
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forces of the paxticles being no longer in equilibrio, becaufe it
is not a permanent axis (@xcept in particular cafes) this oblique
motion of the particles will in time alter the velocity . ‘To
* determine then the value of the motive force caufing f{uch 'dtea
ration of %, let ML= 24 be a line parallel to the fide of the
parallelogram which is a feGion of the {olid perpendicular to
the axis CI, ¢ the middle point of ML, p any other point
therein, pm and gn two perpendiculars to the plane which is
perpendicular to BCI and pafles through SI; and from B let
. fall BN perpendicular to the axis SI: then, the point z muft
meceflarily fall upon SI, becaufe the plane BSCI produced bi-
fe&s the folid, join pz which is the perpendicular diftance of
p from the axis Sl; let v=the velocity of the body at B per-

pendicular to BI and to the plane BCI ( which is the fame in-
variable one in the body, and that wherein the- p,ermanent axes
BI and CI are fituated); then, as BN : o :: 1 : the angular

velocn:y of the body about the axis SI__ ~» and by the nature

of all motion, as BN :wv: tpn \I x v =the velocity of the

point p round 7, or of a partxcle of the body at pin the- circle
whofe radius is pu, confequently the centrifugal accelerating
force, which is always equal to the fquare of the velocity di-

vided by the radius of motion, 1sv«there-§€—5 x-v° a@ing in the

dire@ion pn upon the axis SI, which may be refolved into two
others, the one parallel to the plane Smli, which can have no
effe& ina direé’cion perpendicular to that plane, and the other=

pm__~— x gn perpendicular to that plane, which drawn

mto a particle prof the body at p gwes pxrgnx g —~ths motive
Vor. LXXX. Yyy force
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force of that particle to'move the plane Sml in a diretion pa-
rallel to BN, or about the permanent axis which is perpendi-
cularto the plane SBI, and which value is the fame in what-
ever point of ML the particle p is fituated.

~ Let GgR (fig. 7.) be afetion of the folid by the plane IBSC
then, fince the motive force of a particle p of the body
fituated any where in a line perpendicular to this plane at g is

PXgnx B\l’" the motive force arifing from the dimenfion ML =]
2d of the body will be=24v* x I 1\ 2, andasSI=1: In:: 240" x|

a gnX1n _
ek : 2dv° x o= = the equivalent motive force alting at the

conftant diftance SI=unity ; which muft ftill be integrated with
the other two dimenfions of the body, becaufe every par-

ticle p=MpxKR xgg. In order to which, let now f=
1’%1)1\;’ s and ¢ =the fine and cofine of QIK =NBI=S5C to radius
unity, IR=4, GK=¢, KR =%, and gg=y; then will KI=
s: QK =

— xx—b3 hence, Q7=Kg-QK=y-c~ - xw~5, and 1:

x—b, Kg=y—c, and as 7:Klz1:gl=2""

X . ~amem— 2 N
Qg ::s: Qn:sxy-—c-—j- Xx=butign=fxy—c~-sXx-0b,

and Iz=QI+Qn=5s XW—H xx—b63 hence gnx In=st %
W-{-t’x}—:}xx—b—s‘xy —cxx—b=stxx—A%
which multiplied into 24/ and the fluent making y only variable
{oastocomprehend thewholebody,wheny = 2c = gG,is = 24f5# x |

%;— — 20X %" —26x 46", and this multiplied into ¥, and the fluent

taken in like manner, will, when »=25, be=§ X dfit %

63
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&b - b’c*MﬂtXii—-Wif Xe b =2 % My ¢ 0 ; but as
3t2 , t 3

f. BS=7: v :: {. CS=s:= =the velocity of the body at C
!

perpendicular to CI and to the plane BCI; let ’1’ = now, and

=y, and the preceding ﬂuent becomes 1_/_1_3_}» x ¢ — 8" =the mo-

tive force alting at S along the circle BSC to alter the velocity
% along’ that circle; and if this be divided by the inertia

+11;z = (where 7= that of
the time)=the accelerating force alting along the circle BC.
Now (this being referred to fig. 3.), for the {ame reafon, as
the two velocities # and y along BC and CA turn the body

about an axis whofe poleis R in AB, and thus caufe the pertur-

g{_ x ¢+ along BC, it gives xy x

batmg motive force - 3" x & — & above computed, muft the two

velocities » and = along BC and BA turn the body about an
axis in CA whofe pole is Q, and proceeding in the very fame
manner as before, the perturbating motive force thence arifi ing

will be found = —3-— x &=, to alter the motion along AC, and

2
the accelerative one ::-1; S X A= "' to alter the velocity y about

the permanent axis Whofe pole is B Alfo, the motlve force
M z dz
; ~Zxd =, and the accelerative one— 2x _yz  to alter

the velocity x along BSZ‘.

SCHOLIUM I
Having thus obtained the values of the accelerating forces ‘
:f—, ZI.-, and f— (fee Scholium L. prop. 1v.), the matter is now

Yyya  brought
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brought to an iffue, and the motions and times may from
hence be computed. DBut it will be proper firft to thew
whereln, and why, thefe conclufions differ from thofe brought

out by Mr. Lanpzn,
The three perturbating motive forces aéting along the peri-
pheries of the three great circles CB, CA, and AB, in fig. 3.

Prop. 1v. are above found to be f X & =0 x Yz, z M= X X%,
and 1_;; x ¢* —b* X xy refpelively, or their equals glx &d-cx

eryJ —xb’ a x ey, and-—xc-—é % €L, Andszefupo

pOfP the accelerations %, 9, and 2, to be refpectively propm-
tional to the motive forces, the fum %+ 42 muft be propors
tional to the fum of the three motive forces, and wx -+ yy -+32

or its equal ef3x + eyy + edz muft be proportional to ;} xd -

X xe ,5‘+—x0 -d xyeﬁs-k? XCZ—éZX%eZﬁy:z—%i—X ¢'fyd %

d"—c +b —d* ¢ — 4" that is as nothing ; confequently, e¢=
xx +yy + 22 =0, i which cafe therefore ¢ mufl be a conftant
quantity. Moreover, thefe quantities now meutioned as re-
{petively proportional to one another, tuming the eqnal ratios

. . —.,__ 2NE i PN . " — 3
into equations L TEXUF o LT XEE v xm c. “xer =
x 7 E3 B
P—d xeB8 _F—bxbB Beyd_ D) C .
AR B 28 B hence DB = - Byy,
g v '

and D= —Cyy, and taking the fluents of thefe two laft
equations, putting # and m for the re{pe@ive values of B and § -
when ¢ =0, we obtain DB"=Dn" -~ By?*, and D8’ = Dm* - Cy?,

V' Dr? ZBy* d 3= YD’ =Cp

confequently 6::———*-5{—* an 5 ; which are the

Pir

very
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very equations brought out by Mr. L ANDEX in fo very different
a manner.

Here then the matter may be fafely refted; for theaccelera-
tions are moft certainly as the accelerative forces, and not as the
motive ones. Conclufions, therefore, that are drawn from a.
contrary {uppofition cannot be true.

It may not, however, be improper to fhew here how Mr..
LANDEN’s motive forces E and E” arife. from thofe above
brought out; thus, in fig. 3. Prop. 1v. let s and # the fine and

. . 3 '
cofine of AQ to radius 1, that s, let s= and 7= S—, then the
motive force along BA refolved into the dire&tion BO becomes

él\ch‘ ~ 4" X ¢Byt, and that along BC refolved into the fame

dire&ion BO becomes }g X d' —¢" X o35, the difference of thefe:

"VIe(;'y

;=2—4X6’27Xd2;22X(}&—Cz—-[)zxﬁl— X Ds —C muft be

the motive force a&ting along the great circle BO in the fenfe
from Btowards O, or from O towards Q; and this is the very
‘motive force E determined by Mr. LANDEN, and a&ting in the-
fame manner. 'The motive force which acs at O perpendicu--
larly to the force E is moft readily obtained from that a&ing.
along CA; for if a tangent be drawn to the great circle BOQ
at O (fig. 3.) it will interfeét a radius of the fphere drawn

through Q at a diftance ( ,-g) from I the centre of the {phere=

the fecant of the arc OQ, and as 1 : gi= that fecant :: the force:

MDD B MD gy _ MDegst-

alting at the diftance Q_from the centre :

38 3

the force a&ing in the plane of the great circle CIA at the-

diftance X from the centre I, and perpendicular to a tangent at.
g

&)
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O to the great circle BOQ; which force being in a diretiom
parallel to and in the fame plane with the motive force a&ing
at O perpendicular to the fame tangent muft be equal to it;
that is, the motive force which aéts perpendicular to EatOis=

M"zg x Dst=Mr. LaNDEN’s force E”, And this may alfo be

deduced by finding by refolution the motive forces along CO
and AO, and reducing them into the direCtion of the great
circle DOE at O, in the fame manner as the accelerating forces
are managed in Prop. 1v. above. Now, thefe forces E and E//
not being the only perturbating ones that difturb the. motion
of the body, but others arifing from the non-equilibrium of the
particles in motion round the axes which are perpendicular to
the planes of the varying momentary great circles BOQ,

DOE, they will neither divided by their refpeive inerticz%/I X

G+ +d -6 .5 and %’I- Xd b ryxc—b =5, oy
give the accelerating forces along thofe circles, nor are pro-

portional to them ; but, by the general properties of all motion
as proved in Prop 1v. the accelerating forces in thofc circles are

d & B 1% d’

“xT -2 x* (z‘=that of the txme)__~.-——.--- x ¢*syd —
g i g ¢ '

b2 d b 5
_l_&zXetBy o xet,?s - +b,_><eg yt* = zﬁt e&\ (S) and
& d 5‘

A% b rd =& —52_ a —b a*—b* ...833
d2+bzx Bé\ dz+cz+cz+_bz—az+bzx7 +d7'+bz)_

PLI d’—bz & e
X gt .
Fre AT bz I XY e T bz,) e (Q) And from

:thefe eqmtions (S) and (Q) there refults the analogy, as

A= a*—¢ L‘ ——bz ar—b*

5 Egyl® s = ;2
Vs X c8y —rbzx & x(dq-c iy
~+
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d* -5 ) .t3é eB:? ,

e-y . 36——35‘
d"—}-&z ? - Py 318 BJ

4% 2 - tz_"ﬁz ““"a '__‘c cz—b" 4% — b
§ 2 . — X _|_
d2+‘zx +bzxt d"+c +£2+b2 ? dz+bzxg

P a*—c | b L
o gg = M x &=
[ 55 : 7 or, puttmg = bz_M piw —+ 55— IF and Ponyche

:s'g.s-M‘x-N

R

hence,

c—b__ - d—c P WP—d*
E+ N*x “+c+b+d’+b"’

or ;"Mz&-g glf] =5 but when g=1, s=m, and the ﬂuents\

Mz
M2

2
confequentlv, \/m =

P& —M>*

—

corre&ed accordingly, give thé eq_uation log. of

% log. of g-——-~——— — log. of = \}2 ’

‘\/g—,-_____ﬁ_zf;’ and #*%X1— Nzg"—-.M2 =5"g" X I—N~-M 0, but

sg =3, therefore m* — 5" x « =N =M* = N°m* X 9*; or, expung-

FF A= TP xo—bt .
ing M andN m* -b“— ~w-=;>< -’ X e
g ? . 0 P i xdi— 7 ? Py X_—_z-l-b is

the equation of the/curve whichis the locus of O upon the moving
fpherlcal furface; or, 1f @ "'” A T+% _p an d ‘ +1)2 _c,

9 dz 22
. . B‘)‘z mzyz . .
med=- e Which conclufion may be brought' out;

with much more facility, by means of the three original equa-
tions above mveﬁlgated which exprefs the values of the three
acceleratmg forces Z = J;’ , and > 5 will be fhewn hereafter..
But it is of importance to have proved here, that this different:
method when rightly treated comes to the fame as the other.

SCHOLIUM
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SCHOLIUM II.

The velocity of the body in direftions of the peripheries of
three great circles bounding an’ oftant of the {pherical {urface
which revolves with it, might have been referred to any other
o&tant befides that whofe angles, as in the preceding folution,
are in the poles of the three pérmanent‘axes; ‘but then, befides
the perturbating force arifing from. the motion of the body
about each of the three axes whofe poles are in the nodes of
the great circles bounding fuch oant, -there will, pertaining
to each circle, be another perturbating force, arifing from the
non-equilibrium of the particles' of the body in motion, in planes
parallel to the plane of each circle,- which being confidered
would greatly perplex the operation. And hence arifes the
neceflity for referring the motion to permanent axes, becaufe
about them this laft-mentioned perturbating force vanithes by
reafon of the perfe® eguilibrium of the particles in motion
‘round them ; their property being fuch, that if the body begin
to move fimply round one of them, it muft uniformly con=
tinue fo to do for ever. And if, as in the preceding propoﬁtion,
the body be compelled to move round fome other axis, ftill
during the elementary time £ notwithftanding that each of
thefe axes or their poles has a proper motion of its own, yet
the relative angular velocity, and confequently the inertia and
motive force round cach axis, will be the fame as if the body
revolved with the fingle angular velocity x, y, or %, round
only one of them, and confequently fuch velocity can have no
power to alter itfelf; but the equilibrium of the particles tends
to preferve it, for the particles by their motion round one of
thefe axes cannot alter the angular velocity about it; but fuch

2 alteration
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alteration muft be caufed by the other motions of the body
which are referred to the other two permanent axes as in the

foregoing folution, and thus produce the forces ’: s i’- , and f— R

aéting at the nodes S, Q, and R, of the great circles BC,
CA, and AB.

- If the two great circles DOE, CQA, be continued, they
will meet in a point of the midcircle go° from O, and make
an angle whofe meafure is the arc OQ, and if Mr. Lan-
DEN’s motive force E” be refolved into the dire@ion of the
‘ great circle CA, it will become E” xcof. OQz=E" x g =+

é-xd“-b X ¢*@), the very fame as invefligated in the fore-

going propofition. But Mr. LANDEN’s method, befides the
force E” perpendicular to BO, will likewife give two other:
motive forces perpendicular to AQ and CO at O, which re-
folved into the dire&ions of the great circles BC and AB will
alfo give the above inveftigated motive forces in thofe circles,
and thus the two methods prove each other.

I know then of no objeGion but what is already obviated ;
1 thall therefore proceed to the folution of the following pro-
pofition; firft, independent of the confideration of a momen-
tary axis, the properties of which fhall be inveftigated after-
wards. I could eafily give the demonftration that the pro-
perties above thewn to belong to the parallelopipedon, al{o per-
tain to any other body, but as this has been done before by
Mr. Lanpen, I fhall take it for granted here.

Vor. LXXX. Zzz PR O-
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PROPOSITION VII

If a body of any form revolve in any manner whatfoever
with its centre of gravity at reft in abfolute fpace, and {o as
not to be difturbed by the a&ion of any external force; to
determine in what manner it will continue its motion for
ever. |

Since any body whatever, whofe permanent axes can beg
found, may be reduced to an equipollent parallelopipedon which
thall move i the very fame manner as the body; let this be
fuppofed done, M being the mafs or folidity of the body, and
Ma®, M4, and Mc®, the refpeQive momenta of inertia round
the three permanent axes of the body whofe poles in the fpheri-
cal furface whofe radius is unity revolving as the body revolves
and concentric with it are A, B, and C, at the diftance of a qua-
drant from each other (fig. 8.); let x = the velocity with which
the body moves round the permanent axis whofe pole 1s A,
‘and meafured along the great circle BC at the diftance of a
quadrant from that pole (A) and in the fenfe from B towards
C; in like manner, let y=the velocity round the axis whofe
pole is B, meafured along CA, and in the fenfe from C towards
A, and z=that round the remaining permanent axis whofe
pole is C meafured along AB, and in the fenfe from A towards
B. Alfo let z=the time from the commencement of the

~ motion.
Then, the quantities which in the 6th Plopoﬁtxon were repte-

Z

[entedby——xd2+c,§xdz+b2 g-xc + 47, —3— x & = &,

Zd""C b"'

Z
? Fid’ FIR? and + T refpeQively,

——xbz_wtz M e
3 3
muft
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muft now become Me*, M&, Mc*, Mx o' = ¢, Mx¢ -,
Mxa -7, I,’_.:.L, ’:;““ : :]} . And the three funda-

X
mental equations for the accelerative forces become ———i———yf =
o a :
- cl “a® x =y J anda R Xy % or x="! — & X yzi _
i’ g =i & i’ - s )=
CoeXml Lol 490 multiplying the firft of thef:
s &="——""; multiplying the firft of thefe equa-

tions by a’x, the fecond by 4’y, and the third by ¢’%, and
adding all the three produs or refulting equations’ together
gives a'wx + 0y +c’2z=0; alfo multiplying them refpec-
‘tively by a*x, 6%, and ¢z, and adding the three products pro-
duces a'wx +b'yy+c*zz =03 and if &, 13, and €, be the re-
fpéé:tive values of x, y, and %, at the commencement of the’
motion, taking the fluents a+* +5°y* 4+ ¢*s" = a’Q" + 1B 4 o
and cz"xz—}-b‘yz+c"zz=a4ﬁz+b“j52+c"qtz which therefore are
conftant quahtities. But Ma'x*, Mé’y*, and Mc’2?, are the
refpetive wires vive of the body round the three permanent
axes, and confequently their fum, or the whole vis wiva is

2 .
. X o : a“x
always the fame conftant quantity. A]fo, fince £ = el
2 z' . by 2,
—Z . = ¥ , therefore v =22 = :ZZZ, and the
az—bzx,xy - —a” . xz ¥—¢* (F—a a*—b

ﬂuents = X =

US— 2 [ v
= %)= =~ ‘ %% =8 hence then

y= \/“ xe ‘:ﬁxx —q + 15 andz__\/" xa ><x -ﬂ2+ a’,

b xb*— Exb—
which values fubftitated for y and =z in the equation £ =
7E_, , give £ in terms of ¥, & and conftant quantities. But
b —c )(yz

the fluent, though attainable by means of the arcs of the
Zzz2 conic.
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conic fe&ions, 1s infufficient for determining the motion of
‘the body with refpeét to abfolute f{pace, becaufe at prefenr
nothing 1s found but the relations of 7nersie and velocities.

In order to determine a point which can be confidered as at
reft in abfolute fpace, and the nature of the body’s motion
with refpe@ to it; let Z (fig. 8.) be fuch a point, abfolutely
at reft itfelf, but fo as to be always touched by the moving
{pherical furface which revolves with the body. Or, it is the
fame thing to confider it as a given point upon a concave
{pherical {urface at reft, {urrounding and every where touching
that fuppofed above to revolve with the body. Through this
point Z fuppofe quadrantal arcs A/, Bm, and Cz, to be drawn
from the poles of the three permanent axes, and confequently
perpendicular to the three fides of the o&tant ABC, {fuppofing
alfo Z to be at the inftant over fome point of this o&ant, and
that'a is greater than 4, and 4 than ¢, when the velocity of
the oftant along its three fides muft neceflarily be in the fenfe
from A towards B, from B towards C, and from C towards
A ; then (by {pherics) asf. ZA : 1 :: . Zm=cof. ZB : . ZAC
=cofl. ZAB :: {. Zn=cof. ZC : {. ZAB=cof. ZAC; alfo, as
£.BZ : 1 ::{. Zn=col. ZC * f. ZBA = cof. ZBC :: f. Z/= cof.
ZA : L ZBC=cof. ZBA; and as . CZ : 1 :: f. Z/=cof. ZA :
1. ZCB=cof. ZCA :: {. Zm=cof. BZ : {. ZCA = cof. ZCB.

Now, the velocity xin AB reduced into the direction of the great
z X col. ZB

circleZA is =2 % col.ZAB = T and the velocity y in the

circle CA reduced into the dire@ion of the greatcircleZA= -y x cof.

- cof, ZC . :
LAC‘:}?—;—ZT’ but in a contrary fenfe to the former ; con-

fequently the velocity of the point A along the great circle AZ
in abfolute fpace, that is, the velocity with which A approaches
' the
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% X cof, ZB,-éyxcof. ZC . 4
T ~25 1a like man-

the fixed point Z muft be =

xxcof. ZC—z xcof, ZA
1. ZB
yxcof, ZA—x x cof. ZB

and = 7 = that of C along CZ in abfolute

{pace. But the fluxions of the arcs ZA, ZB, and ZC, are
cof. ZA  cof. ZB d cof. ZC
f.ZA > {ZB’ f.zc?
their correfpondent velocities, give the fluxion of the time,

ner 1s found

the velocity of B along BZ,

refpecively, which divided by

. . cof, ZA ( ats
that is, 7= zxcol. ZB—y x cof. ZC ~ zb’y —y’z (ab&VC ‘found) .
cof. ZB . by _ cof. ZC
% X col. ZC =z xcol. ZA ~  xlz—za'x  yxcol. ZA-—x x col, ZB
iz

— 2% __; from which fix-fold equation, it is evident, by in=
yatx — xb®y, _

{pection only, that if m =any conftant quantity whatever, and
ma*x =cof. ZA, mb’y=cof. ZB, and mc’z=cof. ZC, all the
conditions thereof will be anfwered. Then, fince cof. ZA* 4

cof. ZB? +cof. ZC* =1, its equal w’a's®+ m’b'y* 4-m’c*s* muft
alfo be = 1: but from the former part of the procefs
a's’ + b+ %= aQq + 6B + T ;5  therefore m =

I

VaEATB + T
= cof, BZ* + cof. CZ* = 1 —m*a"s* =m’b*y* 4 m’c’s’, {BZL" =
1 — cof. BZ* =1 —m*by* =m’a’s* + m’c*s®, and L CZ*=1~
mic's® = ma'x* +m°b'y* ; and, from above, the velocities with
which A, B, and C, approach Z are refpeQively

a conftant quantity ; and fL AZ* =1 - cof.AZ*

P—xys  C—al X¥% a‘ =0 xaxy ‘ . ‘
ViyTed® varies® Vet but as @ is fuppofed

greater than ¢, ¢* -4 is negative, and the velocity therefore
in a contrary fenfe, confequently the poles A and C muft
approach Z, whilft B recedes from it. The refpetive veloci-

' ties
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ties of the points A, B, and C, in direttions perpendicular
to Z,A, 78, and ZC, being computed in like manner are

2Xcof Z.C--3Xzof, ZB AwaZC+mef7A ndxﬁmﬂZA+yxmﬂZB
fza ? s 1. 78 Ly - Lzc
vﬁ;},ibcfz“ ;l‘*_::‘xz, and —1—/;7;_%5, and if each of
the fquares of thefe be added to each correfpondent fquarc
of the three former, the 1efu1tmg fums will be 22 +5%
2% 4-2%, and x"--y%, which are the fquares of the abfolute
velocities of the poles A, B, and C, along their own pro-
per tracks in abfolute fpace, the operation thus proving
itfelf. Hence we gain a clear idea of the motion of the body,
during the time that the otant ABC takes in paffing under Z,
beginning at fome point V in CB (or in AB as the cafe’ may
happen) and ending at fome point W in CA; that is, the
point Z enters the oé&tant When V touches Z, and quits it
at W, the motion of thebody or {pherical {urface that revolves
with it under Z, being in‘the fenfe from W towards V; that
is, W approaching the fixed point Z whilft V recedes from it.
And fince both the dire&ions and velocities of the poles A, B,
and C, in abfolute {pace are given above, their tracks alfo may
be determined by means of quadratures, as will be thewn here-
after. Again, the track VZW, on the moving fpherical fur-
face, which always pafles under, or, fome point of which,
always touches Z as the body revolves ; and the velocity with
which it pafles under it in every pofition may hence be deter-
mined. Thus, from the equation above found for the value of

2

ﬁXa

%, 1s eafily obtained cof. CZ*=m¢'s" =

m'e’ “bZX“ s x *+mc’¢?, the equation of the curve VZW
upon the moving fpherical furface, which will alfo be found to
be



Spherical Motion. 535
be the equation of the curve when orthographlmlly projeéted
upon the plane of the great tircle CA. For let the fphere be
thus projeGted, then the quqdmnts 'AB, BC (fig. 9.) will be
- projected into the right lines BA, BC, and if Z be the pro-
jelted place of the fixed point at any inftant, let fall the
right line ZX perpendicular to BC; then, by the nature
of the pxojeé’cioh ZX—cof AZ, and BX =cof. CZ, and if

b2 _A, S Z_B and ..C the above equatlon becomes
BX* =2 X ZX"— ””jﬁ +me @y and ZXP =" x (BX* +
mzﬁg L m *¢'¢’) the projeCed track therefore upon the plane 1s

an hyperbola, whofe centre is B, abfcifla BX, and ordinate
ZX, and takmg ZX =0, BX =m¢” \/QI: - »-f-— = the diftance

from B at which the curve cuts BC, and is therefore the femi-
tranfverfe axis of the hyperbela. But this i1s only poffible
whilft C€” is greater than AZ*; for if CC* = Ad", XZ =BX x|

2“-;-\/ —g , the projetted track is a right line BU, and the real one

a great circle of the fphere paffing through B. If A2* be
greater than CC” the track will no longer cut CB, but muft
cut BA, and BU will in both cafes be an afymptote to the
projeed track. Since the track in all cafes crofles the great
circle CA, and we are at liberty to fuppofe the motion to begin
at what point thereof we pleafe, it may be fuppofed to com-
mence where the track crofles CA, and where, of confequence,
the velocity along CA is then =03 we may therefore take the
affumed quantity 23 = o, and ftill all the conditions of the pro-
blem be fulfilled, the expreffions thus becoming more fimple,

4 for
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: P 2 , nmz
for then 1 =a*® +¢'€* and A AXeohAZ_Bxeol BZT
" ma met
Cg - -
mc

C X cof. cz?
Suppofe W to be the point of CA and V that of CB which
comes under Z; then at W cof. BZ =0, and cof. AZ =ma’Q

={.CW3; and at V, cof. AZ =0, and cof. BZ =m&a \/g«:

£.CV={ CWx"\[35 CV and CW being a kind of femi-

tran{verfe and femiconjugate axes to the elliptic track on the
fpherical furface that pafles under Z. And the gnomonical
projection of the track on a plane touching the {phere at C, or
the orthographical on the plane of the great circle BA (fig.
10.) becomes known; for here YZ=cof. BZ=CX; CY =

XZ =cof. AZ, and AZ" —~ CY2x~——ZYZX~zb:

tion of the curve VZW which is the projeion of the track
on this plane, being an ellipfis whofe feml-axes are { CV-and

{.CW or mbq \/— and mazﬂ becaufe 7 X Y = ma‘q —

1s the equa-

- CY’. Moreover, the perpendxcular to the plane of the pro-
jection from Z on the plane to Z on the {pherical furface itfelf

—col, CL=\[we © =X ZY /T =CL = /1= 2K

ZY*; and the fluxion of the track at Z upoﬁ the {pherical fur-

face = \/ cofl AZ? + cof. BZ* +cof, CZ* = my a’x* + by + '3,
Az y B3 .
and fince £ =" = . Cz, we thence obtain x£* = y{ y Z°
Jz pey Xy, A’y

~4B),

4
13:;—;, and the fluxion of the track = my \/“B}’ +4 +cz? )
2

C?z AZy*

which divided by ¢ gwes " \/ e

b"zz > ; : .
Bzx +° éz = the velocity

with
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with which the track paﬂés under  Z, b;ut @ = -

B . By BAT

By*
... o= — e z e x.»_»._-. 7,
xy*, and ¥* =4 A,alfo Ko ma s et XY+,

whlch fubftituted for their equals give the velocity =

m \/ _*304},1. qayz@z @ *[)4);&:; _ /’4}’2@"4-'1,432@% B Bet4 N C%ra‘z _

at U A® AC  BC AB B AC* T Ccr T

FA LT S oY nbA Ty b 5 Ba*

- - =4 — 2., becaufe —— — "

B’ AC . AC \/ B AC’ T Ac A

BA B /¢  a*

CA ACT\B &

&4__ A 2 4 2 4
Il Ye and maﬁ +m 'L =1. Now,

- fuppofing as above, the motion to begin when W is under Z
and y=o, the track muft crofs CA at right angles, and with a
- XQ@
4gz+c4 :
ing then the {wifteft poffible, g, &€, and VIt T being
the then velocities of the poles C, A, and B, along their
proper tracks in abfolute fpace, the velocity x being then =
@ and 2=, which are their greateft values; and then
Z becoming without the oftant ABC, the velocity y muft
~ be negative or in a contrary fenfe to what it would be
if Z were within the o&ant; that is, fince within the
o&ant, y, as we have feen, is in the fenfe from C towards
A, it muft now be in the {enfe from A towards C; » and
% ftill continuing to be in the fame fenfe as if Z were
within the o&ant, till the g}eat circle BCV’ comes under Z

32

which then touches V’, and confequently x=o0, y*= o z =

m

Z 2 a*
a —b)=0, -A-;

velouty under Z=2"—¢’ x m@L = that velocity be-

m*b 5 3' T* ¥ mda T A — the ve
velo=
— 56~ >0 VCC* — Aa* = the velo

city of the track under Z., which is then the floweft, tL\,
correfpondent velocities of the poles A, B, and C, along
Vor. LXXX, 4 A their
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their own proper tracks in abfolute fpace being then

\/‘{QE’+":\} - \jsﬁ? »:, and @ »\/ And when V’/ with

the above found velocity has paffed under Z, then the velo-
city » becomes negative; therefore, whilft the point Z is
within the angle formed by AC and BC produced beyond C
both y and « are negative, till the great circle BC again crofling
under Z at W', y is again=o, and the velocity of the track
under Z the fame as when W. was under it, the correfponding
velocitics of the poles of the permanent axes being the fame
alfo; after which y will again become pofitive, # fill conti-
nuing negative during the time that Z is within the angle
BCW/, till it again crofles BC at V, and # is again=o, and
the velocities of the track and permanent poles the fame as
when V’ crofled under Z ; afterwards the point Z being within
the o&tant ABC, the velocities #, y, and z,, will be all pofi-
tive till W again comes under Z, and another revolution under
Z begins, and /5 on for ever. Moreover, the track being fup-
pofed to crofs CA and CB, when cither W or W is under Z,

the velocity v/@*+ " of the pole B is the greateft poffible,

being then =the greateft velocity that the fpherical furface any
where has or can have; and when V and V’ are under Z,

,\/ o +_.._---~ =the velocity of the pole A is the {wifteft -

which it can have, being then =the greateft velocity which the

fpherical furface any where has at that inftant, fuch velocity of

the furface being then the /eaft poffible. ‘

Morcover, fuppoﬁng full the motion to begm when y = o, and
JYAC

* Vzi—- j\/&“ \/ ("Lr z.

let
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Iety———gf or y=ui -———,)7"' U \/w, andt=~; x

Bl

~4 E—-X = ===, which here
3 AW ACu c”,g__v “ACk 3 »\/i-u r_ _
b3/ ——— ""“"" B C A

St

naturally divides into three forms or cafes, 1ft, B «

2

i : 2dly, — x ; 3dly, when
_--—u J——--—u M"‘” \/_'—u
. —i AC .
«@_ T s &X = __?’,"Z ; which laft is of an
C A, 2 &y* 3 é:%_ _yz

— — %
u B

eafy and.known form ; and the fluents of the two former may
be found by help of the arcs of the conic fections; or
otherwife, by the following contrivance.

Suppofe a bar of metal, or other fuch like body, whofe
centre of ofcillation is H (fig. 11.) to revolve at the earth’s
furface in a vertical plane without refiftance about the centre C,
and that it is impelled from the loweft point S with a velocity
equal to that which would be acquired by an heavy body in
falling freely by the force of uniform gravity through the
height %, that is, if 2g=the force of gravity, {uppofe it im-
pelled from S with a velocity 2,/g#% up the femicircle SMH,
whofe radius CS=CH=CM=r; then, MV being parallel to
the horizon, and SV =u#; its velocity at M muft be 2¢/g% = gu,

and the fluxion of the arch MS=MH = "r;l‘l;l vV _ i

Yaru—u*
% becaufe
7‘/2714—142“ k-

the velocity diminithes as SV increafes, this fluxion compared

4 A2 with

and the time of defcribing SM = '? X
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i
% - C .
X < V= )é‘.‘:—'
}‘@2“ — we have 2 o &3 if
NEZEN |

C A

B

with f=.

o
Z

@ > . .
therefore —= CH, we have, as—— : the fluxion of the time
2 247C '

of the bar’§ deferibing SM :: Bf : 4, that is, -i; t/Bg

=i : £3 but the velocity at H=291V4 —2r=

2L2‘i*’zm—-u vViilu

ik

23 »\/};— - -—i— y if therefore & e " be greater than — (whlch may be |

called the firft cafe) the bar wxll make whole revolutxons round
the centre C, and its velouity at H = that acqmred by an heavy

body in falling thnoubh the helght d — —, and at S the arch

MH = the femicircle. Now, when y=o0, that is, when
W or W’ is under Z, #=0, SV=o0, and when #=2r=
X apr AR ., . . L _
‘ E"=DH: then 3’ = 5 which is the value of y* at V-and V/
above, the afcent therefore of the bar from S to H in the femi-
circle correfponds to the motion of the body during the time

that the quadrant of the track beginning at W and ending at
V’ pafles under Z, and the fluxions of the times bemg to one

Bz, the times muft be in the fame ratio,

>
another as
ng2

cenfequently, as \/ By :: the time of two revolutions of
the bar : the time o_f one revolution of the track WV'W’V

bl'mder Z.
~ But 1f as in cafe fecond = be greater than -——, ", and 7 be Hll

= ;é - the bar can proceed no higher than till 2= that height=

o

. . . @ \
~» 1ts velocity at S being= 2g\/-§-, when #=o0 and y and SV
=03
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[ @2’ 2 C&iz . . .
=03 and when # = +)" =5 which is its ‘Value when z=o,

as it ought to be, the track in this cafe, that is, when
Ag@’ is greater than CZ’, crofling AC and AB; the barin this
cafe making only ofcillations and not revolutions. But if r

now be made = f—A inftead of "_C’ the bar will {till make whole

revolutions-and as — - /By Bg :: the time of two whole TEVO~

. . . . @z .,
lutions of the bar whofe centre of ofcillation is at Y diftance

from C : the time of one revolution of the body under Z.
Thefe cafes may be otherwife refolved by finding the length
SC=r, fuch that the bar may make two revolutions or ofcil-
~ lations whilft the body makes one; thus, let SV, inftead of
being = u, be in a conftant ratio to it, or SV = /x, and

Z“‘:..,-LX fi -—',-E%_x ﬁ___.__ﬁ, _,_____:E X

2 g%V27~lu~lzu@Vk—lu 2 Jﬁ"u_uz ﬂj_‘ 2

C A %,
ul‘\/l . . h h
QW* = and comparing the homologous quan-
d————/u
"tmes LB _ r=vTBg, arl=28, r=L'_ /IBs, 'l
P Ta g TTVIRE A= TR EVIRS
__oCV' By 4C°B _2CBg L1 _4C°Be”

-—-—’ér“g, :"__ﬂ‘*g’ = k=—- =I5 now, when

{fuch a bar makes whole revolutiOns, £ muft be greater than

than 428 €L ~ than unity, and C€* than Aﬂz

zr’ Or Aﬂr ﬂz gz Aﬂz

A bar therefore whofe centre of ofcillation is 2§fg diftant
from the centre of motion, will make two whole revolutions
whillt the whole track WV/W’V moves: once under Z

if
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if C&* be greater than Ag” ;5 but if C¢” be lefs than A" it will
malke two whole ofcillations.  In like manner it will be found,

2ABg
that if SC=r="=2 y’ fuch bar will make whole revolutions
when A4 is greater than C&°, and ofcillations when AZ" is
lefs than C&*; and we are at liberty to make either the one

{fuppofition or the other.
Cafe 3. But if A2"=C&, and the track that pafles under Z

! 2
‘be a great circle of the fphere, then Ax*=Cs, %...___ B_y =
A - Ax"=Aq -Cg, R_..?%-_, and the velocity under Z =
mAl € reiain Lo o EVFACE —F =5 x ABL

+-a BC4 x m“w‘/c AB+a“BC-mgb x\/—, which is therefore
=o when x=o0, or B is under Z, fuppoﬁng that to be poﬁible.

sVAC vCB (,B \/ YR
But then tf“Aﬁ* yz.. 24 x.‘.‘_%i y"’ and ¢ = ~T

B .

a \/1—y
- hyp. log. of —+

b —-+y ‘
y=o0, to have the motion poffible, y muft be a negative
quantity ; which is agreeable to what was obferved before,
that y muft be negative within the angle ACV’; but in
this cafe Z can never come over V’, for then # would be
infinite. And if the motion be fuppofed to begin when Z
is fomewhere within the o&ant ABC, where y the firlt
inftant is equal to a given quantity 4B, then the fluent muft

be fo corre&ed as that ’.F,"/;%E X hyp. log. of

3 therefore, when at the firft inftant

3
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a \/~+% 4 \/— -y
ﬂ\/—-—js ‘ 2‘1\/~+y

begin at B, nor can the pole oppoﬁte to B ever come under
7. And the reafon of this is alfo evident from the nature
of the motion itfelf; for thefe being poles of a permanent
axis, if Z were once over one of them, it mufl always con-

tinue fo.
Having thus determined the time, velocity, and manner,

in which the fpherical f{urface that revolves with the bedy
pafles under the fixed point Z, it only remains to determine
the path of one of the poles as C of the permanent axes about
Z in abfolute {pace, or upon a fpherical furface at reft, but
equal and concentric with that fuppofed to move with the
body; for the path of one of thefe poles as C being found,
thofe of the other two, and indeed the path of every other in-
variable point of the moving fpherical {urface, becomes known.

Now, the velocity with which C approaches Z is found above

fCz
cof, CZ —

, but the time or motion can never

M ;"—177’ X xy
=
cof. CZ
. CZ , .
above, and confequently the diftance of C from Z at the end
of any time #, there is then only wanting the angle defcribed
by C about Z, correfponding to the diftance CZ therefrom, to
have the path of C about Z; whlch may be found by the
help of quadratures as follows.
As {. ZC : velocity of C perpendicular to ZC (found above)

_xxcol. AZ +yx col. BZ
= iZC

A f - . . - . .
7, = ¥xcok ‘;,Z;”ézx ot 32 which velocity being multiplied by

and the fluxion of the arc CZ=——u

divided by the velocity gives #, whofe fluent is fou‘xid

:: 1 : the angular velocity of C about

cof,
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cof. %8 . . . . :
. i ; s o Vv :
Py sy ) the fluxion of the time, gives the fluxion of

» - e . __c(>f.Z(2' xxcol. AZ 4 yxcof. BZ
‘. the angle defcribed by C about Z = T.”ZE:T P paatr s U

7 . % 2 f 4
_of ZC b xeof AZT a7 X ool 2B opich in terms of ZC is by
{. ZC a"— o xcof. ZA x cof. 7B

co utation cof. ZC " » ba? Xf ZC*—bxa*—c* x5t
m 10N "=
P LzC ‘/b — Xa — 1/1 CV:ZL.ZC 1/71 -—cof.ZC"

where s and #=the fine and cofine of CW, and {, CV’=

B x; —°. Now, this being the fluxion of the arc to ra-
a* -

dius 1, which is the meafure of the angle defcribed by C about
Z. in the time #; this arc in value therefore will be double the area
of the fe@or of the circle whofe radius isunity defcribed about
Z in the fame time. Hence, having found a feGor of a circle
to radius unity, whofe area is half the fluent of ‘the :above
fluxion, or the fluent of half the abovefluxion, the arch-line
of this feGor will be the meafure of the required angle de-
fcribed by C about Z in the time #

"cof. Zé
T

Let Az A being the arc, ‘beginning when #=

cof. ZC

cof. ZC, whofe cofine = and radius unity, and B =

___..__f-,ZCA B being = the arc, begmmng when CV=ZC,

whofe cOnne=ffL%v and radius unity, and 1n fig. 12. take ZY

fuch that __.CO{'_.Zé x b x 1. ZC°—bxa = x st
| T VTGS T e /P—c xa —e x1.2C VI OV L7

. . V& . Y Ceqe .
may = A x-zz—— the fluxion of the cutvilinear area defcribed

about the centre Z and bounded by theordinate Y, whofe firft
value is ZG when s#=cof. ZC, and A=o0; on ZG take
2 z
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ZS=1, with which radius on the centre Z defcribe the circle
STR’ on which take ST ==any value of A, and through T
draw ZY = the ordinate correfponding to that value of A, and

thus may points at pleafure be found, and the curve GY
conftruted. Now, when ZC=CV, the value of ZY =

ta* x 1. ZC% = bs® x u® — - . .
\/ 2 $Xa e is infinite, and if SR=
d\/g

—Fxd—c x1. AC"Vm
the then value of the arc A, ZR produced will be an afymp-
tote to the curve GY. But to remedy this inconvenicncy
~ arifing to the conftruction from this infinite length of the curve ;
produce any ether radius ZR’ of the circle, till ZH=the firft
value of ZY’ \j __ XL 2O b KT ’
‘ Na/Plexa =i x{. ZC x cof. ZC v'#* —col. CZ*
when CV=ZC and the arc B=o, and taking ZY’ = any
other value thereof correfponding to fome value R"T” of the
arc B le{r: than RS’ the value thereof when #=cof. ZC and
ZY’ infinite ; and thus the curve HY may be conftruéted by
points ; let the conftru@ions of both thefe curves GY and HY”
be continued till the value of the-arc ZC in the one conftruc-
tion be equal to that in the other; then muft the {um of the
correfponding areas ZGY +ZHY’ be equal to the infinitely
extended area formed by each curve running out tewards its
own afymptote, each of thefe infinitely extended areas being
equal becaufe they begin together, and are the fluents of the

- equal fluxions A X -Z—gi and B X gz;. Equal to any value of the

area ZGY, let the fe&or QZR be cut off from. the circle whofe

radius is unity ; then the area of this fe&or = half the arc RQ =
cof, ZC ba* x{. 2C* b2 —a* — ¢

Vool 2C"  pqVP—e @ = X LZCVI.CVP STZC

Vor. LXXX. 4 B and

the fluent of
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-1, 720
and the fluent of ——————e
V{ CV* = 1. ZC*

ba* x{. ZC* = b x & = ¢
2x fXe =zt alfo = the fefor

QZV =1VQ =the fluent of Bx Z__?‘_, the former being that

of A x %Y-Z Then, fuppofing fhll the motion to begin when

y=o0, or ZC=CW, the arch QR muft be the meafure of the
angle defcribed by Cabout Z in the time #; and the whole arch
RQV = the meafure of the angle defcribed during the time that
ZC from being = CW becomes = CV, that is, during one-fourth
of the time in which the track on the fpherical furface makes
one revolution or paffes once under Z. Confequently, if on ZR
there be taken the right line ZC =the fine of CW, and on
CV, ZC”=1{. CV, and upon the intermediate radii as ZQ their
correfpondent values of {. ZC, a curve drawn through all
thefe points C, C’, C”, &c. will be the orthographical pro-
je&tion (upon a plane go° from Z) of that which is the locus of
C in abfolute {pace, or upon the immoveable {pherical {urface ;
fuch locus touching the circle whofe radius ZC={, CW at C,
‘and that whofe radius ZC”={. CV at C”. And the time of
moving from C where ZC={. CW to C” where ZC” =f. Ccv
will be equal to that of a femirevolution a femivibration cf
the bar above found ; and every fucceeding part of the curve as
c”, ¢, C"”, defcribed in the fame or an equal time will be
perfe&ly equal and fimilar to C, C’, C”. If the angle
CZC""” be a divifor of 360°, the path will return mnto itfelf; if
not, it will crofs itfelf fomewhere as at C", and fo on for

cver.

GENERAL
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GENERAL SCHOLTI A,

1. Since the moving fpherical furface paffes under the fixed
point Z in the fenfe from Z towards V, and the invariable pole
“or point C on that furface moves round Z ina contrary fenfe
BCA (fig. 4. and 8.) there muft be fome point as O upon the
furface which muft be at reft with refpec to both thefe mo-
tions, and which point O muft be the pole of the momentary
axis, as will appear prefently ; for the preceding folution being
completed without any regard to fuch axis, it may now be pro-
per to deduce the properties of this axis therefrom, as by thefe
means {ome new light may ftill be caft upon the motion under
confideration. »

Let O (fig. 4.) be fuch an axis, whofe properties are confi-
dered in the propofitions preceding the laft, and let the angular
velocity .of the body about it =&, cof. AO=@, cof BO=y,
cof. CO=17; then it has been already fhewn, that z@=u,
#y=y, and zd==; let thefe values be fubftituted for x, y, and
z, in the general equations of the laft propofition; then
B+y +¥=1, SF+y+2=¢=¢F +¢y +7, and fup~
- pofing ftill the motion to begin when y=o0, y=o0, and s*=
x* 42" =A@ =¢; that is, let e=the angular velocity about
the' momentary axis when its pole O crofles the great circle

2, B '2 Bz ) z
AC; then, fince #*=4"—— x %, and 2" = ’—--é-,x’+y2+z

) 2 B}, B B . 8212
— gp2 2 — — e o e —
=8 =4 _..__-{-@ +y B+8 *x 1 Y c = ¢ NG
: B B
A — whlch therefore
(becaufe 1 -+ - = AC),at 2" ~»

12

can never be conftant whllf’c y or BO is variable, except
4B 2 . either
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e1ther1~ or ‘(‘,’—" o, that is, when either &*=¢" or a’=2"

C2

In like manner it will alfo be found, that & =

Q{Z gz
O e —_—
BA "~ BC 2 a» ., ¢ g
= 3 e’ — — x — J,and
e s and &= . 912 BA BC+ BA " BC/’
A 'TBC TS

)l

when f=o, or the pole of the momentary axis croflfes BC, §*=

az Ge 2
BA x = A g AT

BA BC ' . -
— L= WC » and to have this poffible it is neceffary
* 7B “7Be

that C¢" be greater than A@*, and it.is above detelmmed that
under the fame hmxtatxon 7, muft alfo crofs BC.

QIZ
. v _“75A 28 ¢
Agait ion -2 = P e
gain, from the equatlon — € —gx=¢ —gz+

e 'TEA
2 2 vz, 22 B !
&y @2y 2 ﬂz + @ oY and When ,,: 0, or O Cl‘OﬁCS

AC ~ BCA® ACA™ C?
By®
CA, 32._-—- let— =m, and then &"=m" +-—— “—é"aorm -¥=

C  AC
method in the firft fcholium to the fixth, propofition above.

And if n._—-—-the cof. of the arc of which m is the fine,

57 _ "7 which is the very equation brought out by a different

it will ‘be found in the very fame manner that §*=7#" 4
ny' _ By Moreover, becaufe A x @* =x"=By’=C x ¢’ = z* =

AC A .
AZ*  _  cq Ag”
By*+AB* By*L (o’ C&=

AxT—¢F =By =CxT—ed,¢"=

An® _By* ¥ AB* Bj e +w o2
==Y = D — B x ity
Cm®  By*Co* ’ xZ ~Bx TeBy a38y8 bu‘t

2 ¥* 2 ‘ » 3 . >
& x 1+o==¢" a conftant quantity; therefore & x I+ as

82
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vy ; _ABCs b8 Tepat
2o =0, and F=— 50 O 7 = x5o the accelerating force

a&ting along the midcircle at 9o° from O. Since, when
- y=0,y=0, and cof. BZ=o0, the points Z and O are both
upon CA at the fame inftant, and when B=o0, ¥=o0, and
cof. AZ =o, alfo when §=o, =0, and cof. CZ=o0; therefore
the poles Z and O both enter the oftant ABC at the fame inftant;
both, when Cg” is greater than A@®, crofs BC at the fame in-
ftant but at dlﬁ‘uent points, viz. Z at V where {. CV* __f cw*
xZ’z Z:; bgzta;b;%”_.'_.::@, and O where Cof. BO:?:‘

w a- : Pae* x?z“:c"

B_ 7 TBD BT G i x oG a@ ko e X te—a
A AC A C
which cannot be greater than the correfponding value of £.Ccv.

above; for, fuppofe the contrary, and that cof. BO® is greater
than .VC?, then mufit i

be greatcr than

?-czglz_i_azﬂz Xl)"+£‘z‘fﬂﬁ
Ca'q +c°¢’ than b +PaF x b o —a'; L X

a‘ﬁz+c4¢tz
T —aF —abctabthmbe —¢ xC, dT x T 8 X'+ b
than @ x b ¢ @ xa —& than € x & —¢*, and AZ
than C¢* which is impoflible whilft Z crofles BC, becaufe
it has been proved, that then C€* is greater than Ag’;
confequently O crofles BC between V and C (in fig. 8.) and
both O and Z quit the o&tant ABC at the fame inftant; Z at
W, and O between W and C, at the point where 9°=o0, and

qd> : . ) .
BZ:#:?-, and, as will be more fully fhewn, a great circle

drawn from O to Z being always perpendicular to the track
VZW. In the very fame manner it may be thewn, that when
A" is greater than C¢’, and the track which paffes under Z.

2 crofles
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crofles BA, both O and Z {till enter the o&ant ABC together,
both pafs over it in the fame time, and both quit it or crofs CA
together; but in this cafe the track for Z upon the moving
furface is lefs than, or within, that of O, Z croffiug BA at a
point nearer to A than that where O croffes it; and O in both
thefe cafes fhifts its place on the moving fpherical furface
making one revolution in the time that the whole curve
WV/W’V takes in pafling under Z; both curves being fuch
that in the cafes above defcibed where the projeQion of
WV/'W'V is a conic fection, that of the track of O projected
upon the fame plane will be a conic fe&ion alfo, that is,
where it is thewn above that the proje@on of WV/W'V isan
hyperbola, that of the track O will be an hyperbola, and an
ellipfis where that of the other isan ellipfis.

- And when AZ=C& or € : @ :: A : C :: §": B°, the track
of O as well as Z is a great circle of the {phere, fince

g:g, and {. CQ2=% x {. AQ* when O croffes CA at Q
(fig. 4.); and when Z croffes CA cof. AZZ-f CW*=

aqﬁz Cm* _C qz 2
ST AT and {. CQ'=—— A A TTE T o and{, CW’=

IC4A= Ca4A,, confequently, 4 being, by hypotheﬁs, greater

a* . .
than ¢, the fine of CW muft be greater than {, CQ or than
1. CO when O croffes CAj; and therefore the point where O
crofles CA muft be nearer C than the point where Z croffes it
the {fame inftant, in the cafe where both the tracks are great
circles of the fphere, pafling through the fame point B,

2. It 1s now well known, that the momentum of inertia of
the body round the axis whofe pole is O is=Ma*8* + Mé*y* 4
M0, and if this be drawn into #*, the produ@ M x (4’8" +

b
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y* + ") =M X (a*4* + 5y 4 ¢'%") = the whole /s viva of the
body, or becaufe radius is unity, it is=the centrifugal motive
force of the body round the natural or momentary axis, which
being equal to the fum of Ma’s", Mé%’, and Mc'z?, thofe
round the three permanent ones, and being above proved
to be a conftant quantity, the perturbating motive forces
Mxé =c xyz, M x¢ —da x zx, and Mx 4 -0 = xy, above
found, cannot alter the @75 viva, or whole motive force of the
body along the midcircle, or that which is go® from O. But,
for a more particular proof of this, let thefe oblique pertur-
bating motive forces be refolved into three others alting in the-
dxre&mn of the midcircle; the firft {o refolved being=M x
F =7 xys8=MeBydx 5 —¢, the fecond = Me’Bydxc — a7,
and the third=My’Gyd x @’ = £6"; their fum Mg'8yd x (6 — ¢
" —a 44" —¥) being=o, fhews that there is' no motive
force in the dire&ion of the midcircle arifing from them,
wherefore that along the midcircle muft remain unaltered.
But, though there is no perturbating motive force in the
dire@ion of the midcircle, there is neverthelefs an accelerative
one a&ing along it; for the three perturbating accelerative

2 2

forces round the three permanent axes ~being X ¥%,

tZ_ a‘L

X %%, and “2% XY, thefe being refolved into the direQion

of the midci‘rcle,' their fum a’ﬁy(? X ( ;C +< [;a +2 ;b ) =

HOTES (A - —+ ) will not be = o, butto. Agf which i1s the

value of '-’— found in the preceding fcholium, and by the gene-~

ral properties of all fpherical motion as proved in the fourth
propofition above is the accelerating force acting there. Thi
.18
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~ This matter M. EvLeEr confidersin a fomewhat different
light, by finding the mizial axss, or that about which, if the
body were perfectly at reft, it would be firfk urged to turn”‘by
accelerating forces acting upon it 3 and from Scholium 1. Prop.
1v. above it appears, that if the body were at reft, and acted

upon by three external accelerating forces 2, <, and Z,it would
pon by ; i? 30 i

“be urged to turn the firft inftant about fome axis whofe pole is.

E by a fingle force="2H 2 | fuch that the five forces,

VELTRE 5% and Swill be refpeGively as radius
i Y i P i ; ’
x

cof. EA, cof, EB, cof. EC, and cof. EQ, or im-;

J - g & d 6 : . .
e i - an nce wie
ixcol. BB ixcof. BC Tixcof. EO h i the bOdy 151

motion, and that motion difturbed by the unequal a&ion of its
own particles which generates acceleratilig forces, fuch forces
confidered fimply in themfelves. muft ftill have the {fame ten-
dency to turn the body about fome axis whofe pole is E dif-
ferent from that whofe pole is O, and f{uch that the above
equation may flill obtain, and if the above-found values of

;i, I, and?,’ be fubftituted therein, by means of a calculus
{o inftituted, the value of ¥, and confequeﬁtly ¢ will come
out the very fame as by the preceding methods.

3. It ftill remains to be thewn, that the point Z now deter-
mined has the properties thewn to be requifite in the fifth Pro-
pofition above, vrz. that it is at reft in abfolute {pace, and
therefore at reft both with refpect to the motion of the fpheri-
cal {urface, and to the velocity with which O the pole of the
momentary axis fhifts its place. Now, by Scholium 1. Prop.

1V,
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1v. the momentary pole fhifts its place along its own track

with a velocity = _Ve ’*".“M"; ; and if Z befuch as that the great

circle OZ (ﬁg 4.) may alwws be perpendicular to the track
WV'W'V (fig. 8.) that pafles under Z, which it muft be if
O be the pole of motion; then as 1 : & :: {L OZ =cof. OY"*:

. , 2}z gy
the fquare of the velocity of the track under Z..._lgi‘f“: -
2pe L > 2 )
ence ,0Z ="""~= .Y _ cof, 07* = -

ag» hence L 02" = —mmm ~ s 7 = x "‘Acz
mzmw__ (42 I L < .
TR W_,;z B%% T s atdi ot anc

col. ZO= aﬁu—‘@ ={, OY; this, then, is the value of
g g*d> - AL

cof. ZO deduced from the fuppofition that it is always per-
pendicular to the track upon the moving f{pherical furface
which paffes under Z at reft; and if this be found to agree
with the value - thereof computed by trigonometry, it will
prove the legitimacy of that fuppofition, and that it is the true -
value fuch as that O fhall be always the pole of the momen-
tary axis and Z at reft in abfolute fpace. Produce BZ (fig. 4.)
till it cuts AC perpendicularly at ¢; then it is before found,
that the fine and cofine of BZ are m\/ m and mb* ,thofe

of CZm/a** + by and mc’s, and as £.BZ: 1 :: cof, CZ
{ AQ_,__L_Z_._._., and cof. Ag* azx-——-, %— = cof. BO,

v at® + ctz Vgt ot

V’”“Z.J BO, % =cof. CO, ""_ﬂ_fco s £BO:

cof. CO : f QA*V R cof QA= ——

* -+ & 2?
=AQ - Ag:the meafure of the angle OBZ, and cof] ng_.-
Vor. LXXX, 4+ C a*

———, and the arch Qq
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T2 hence cof. OZ =1, BOX{. BZ x cof. Qg +'
V w2V 4 ot

cof. BO x cof. BZ =

1

VTS I
IR mVaw tes xcof. Qg+ { x

TR
VAT T
before, proving the truth of the fuppofition. And by the
nature of the motion as rad. = 1 : g :: cof. OZ=1{. OY :

5‘12—5-1:2(1:2
Va1l +c4~’;“
at Y. Now, it does not appear, that there 1s any one
point upon the varying great circle ZOY, which (in general)
continues always the fame or invariable upon the moving
Ipherical furface, to find therefore the path of O about Z in
abfolute {pace, it 1s neceflary to confider, that the point O, where-
foever upon the {pherical {urface it is found, can have but one
proper direétion of motion and velocity with which it fhifts its
place; thofe therefore in abfolute {pace, and on the moving
furface, muft neceflarily be the fame, and confequently the
two tracks, wiz. that on the moving furface, and that on the
fixed one or about Z in abfolute {pace, muft in all cafes
neceflarily touch and roll.  The fluxion of the track of O being

'T‘"‘“"""ﬁ;" - F2 212 - ‘2_2 242 4
NI T T =i;_\jﬂ BZC"} 3= AB/7) +2C¢ " and the velo-

,mézy:'g. X (azxz +0% 4 5y?) = , the very {ame as

= the velocity of the moving {pherical {urface

32 'yZ'

. C, By |ra* —BC 2 @ ZABAT | ANCHH
city along It:A};(,\/( + + e) becaufe 4
_APCRA e 3’2 _ G —AB: ? X8z °z__, 4*—BCe g2 N AC _
S Vs T s, Ve X

. _ @ —ABx A*—BCX A —s*

¢ —y, IF=—_"7 , B = kia?e Sl ; hence
8 8

(£ =BCXTF) x (T BCx =) _ ZBCS IP—BC%_

{ : )262( ) B> I =4 - BGC

1 ' ‘ _ X
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——, . QEZ*-AB 2’4~A2B2 4 . \ re———tatimar
% ¢+ " in like manner. i - =¢'-ABx¢ +¢, and
2002 o A gt G213
é_(?_.i"___‘_’_. = ACx¢ +¢, hence the velocity P4 2'*;724'32 =

% \/(Bzcz : AZBZ L é.@:. i ~BCF_BCy+&—ABx 717

> B9C2 2 Asz 2 Azczaz . .
+ACx ¢ +8)=§;30\/< t - ¢’) (becaufe

1+AC-BC-~ AB o, and 9* 4+ & =¢*)which may be farther re-
& AtCxdqgr g

duced 10 \/ (35 + i~ xe ™ wonces 55 ) = thevelo-

with Wthh the momentary pole O fhifts its place along its propet

track ; but it fhifts its place in a dire&ion perpendicular to the

great circle ZO at O with a velocity whofe {quare is equal to

the {quare of that laﬁ: found minus the fquare of -Z-(t)_— which 1s

. . 3
the velocity along TRLZ0 #x cofZO = ABC x tang. ZO ?

hence then the vcloc;ty perpendicular to ZO at O =

B [BC  AB AT B ) e
—1———) thisdr
ABC \/( R wang, Zo?) LIS drawn into Z gives

' A | AT ' '
\/(BC +A ~ ):the elementary fpace perpen=-

o* 72 1, ZO*
dicular to ZO; hence the angular velocity with which O

ot it — sByd B*Cc*
thifts its place about Z in abfolute {pace = ATCXL 35 \/ o +]

}:22132_'_}\;02 ~F Zlo%>’ and the elerr‘lentary {pace divided by {. ZO
gives the meafure of the elementary angle, and the track of
O in abfolute fpace may hence, concefis quadraturis, be con-
ftruéted by points. But this is unneceflary. after the path of
one of the angles C of the oftant has been found; fince the
track of O is thence given by the projeCtion of points ad

libitum of the now known triangle ZOC,
4C2 Hence
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Hence then we collet, that the point Z is fuch that the an-
gular velocities at the points ¢, 7, 5, Y, in direftions perpendi=
cular to the great circles drawn through Z and the poles A, B,
C, and O, meafured at go° diftance from Z, are all conftant
quantities in all poffible cafes, notwithftanding the irregularity
of the body’s motion, which is a property very remarkable.

. P—g? s
4. If é— here be=o, = af, and 4" =c¢", or the two lefs

momenta of inertia are equal, which is the cafe of a {quare
prifm, cylinder, {pheroid, or other folid of revolution; then
' Yo, 2
g" =¢" conftant, B=C, "= 33_ oty B=n = g— conftant, ¢'G*
¢ é N .
29 : By Bz

e (52 2 —

V@ -y GY g —z*

Be
‘71\/_._- — 32 ¢ \/-—._ I

conﬁdered in the 4th and sth propofitions, the A there being
=B here. And hence the velocity above of O in its track=

oL %éi as there found. Cof. OZ = a conftant quantity =

, &c. as in the particular cafe

“Be
CTLAC | CEACE L acos | FIC___ Ve
e vV atd ol Va“ﬂz "/7"’ BeW a4 S B v a*B* - c*b*
. az—-czxﬁb_ Bb

e Vs oAl there found, &c. And there~
LN

fore, when & is very fmall, this is much fmaller, being

which in the cafe of the earth is

then nearly = B_:I ,

nearly = 2—;, and therefore infenfible. For on the hypo-

thefis that 4=9¢”, this quantity, or half the diurnal nu-
tation will be lefs than the ,:th part of a fecond, and
the whole diurnal nuration lefs than the 57/, Indeed the % th

part
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part of a fecond muft be very near the true quantity ; for,
though the earth’s figure may not be precifely that of a fpheroid,
it cannot differ from it fo much as to make any fenfible altera-
tion in this, efpecially now it appears from the foregoing ge-
neral folution, that the angular velocity about the axis whofe
pole is Z is always uniform and conftant, let the figure of the
revolving body be what it will.  Neither can the progreflive or
annual motion caufe any alteration, becaufe it cannot at all
“affe& the rotatory or diurnal one.
. The remarkable property mentijoned at the end of the 3d
of thefe general {cholia, may be more particularly expreﬂed
thus: as the £ Zg=mby:1::y: ;Zl—f_m—‘/a‘%bj—[@z__the an=

gular velocity at g about the axis whofe pole is Z; in like
manner, the angular velocity at 7 (fig. 4.) about the fame axis =

Y VT
ad +£4& , that at s— -—a—-;i—s—t—,and that atY —gcofOZ=
2ﬂz+c \l @ —cl x A*d* . . .

Va‘m%-w = =V= — T Whlf:h, being the vélo-

city of the moving fphencal furface at every point of the
great circle whofe node is Y, and every point of that great
circle being at the diftance of 9o° from Z, zhe angular ve=
Jocity of the body round the axis at reft in abfolute [pace whofe
pole is L will be always equable, uniform, and conflant, not-
withflanding the other ofcillating, wacillating motions of ‘the
body : e bcxng the greateft angular velocity about the mo-

mentary axis. ‘ ’
“T'his motion, then, is of the moft fimple and evident kind,
and, together with that of the track under Z above deter-
mined, limits the whole compound motion under confidera-
tion, all the others being only neceffary confequences of thefe s
‘ o
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fo that after all the pains beftowed upon the problem, the refult
1s as fimple as could be withed for; and the motion, though
not quite {o regular, is as ealy to be conceived as that in the
particular cafe of the folids of revolution. For the {pherical
furface, concentric with the body, moves with an uniform and
conftant angular velocity V about an axis IZ at reft in abfolute
fpace, whilft the track WV/W’V upon that furface always
pafies 7, the pole of that axis, with a velocity =
\/57x[j%f%—:——@ - K%’ which, though not conftant, recovers its

firft value again and again in equal times, as the body revolves

for ever.
6. 1 thall only juft add, that if P, Q, and R, be any three

‘external motive forces fuppofed to a& upon the bedy in the
direétions of the three great circles BC, CA, and AB, then

P i bec Q_ 5 - R
—_— - X YLy e T e X2 < =
muft s 7 P | Y= M ; 7 &»7;, and Mo
3 b . .
; —~ 22~ X &y exprefs the values of the external accelerating
&

forces that a& ‘upon the body to alter its velocity about the
three permanent axes of rotation. And when the relations of
thofe external forces to the internal perturbating ones are given,
a folution will hence be obtained to the more general problem, for
determining the motion of the body, when, befides the pertur-
bation arifing from the centrifugal force of its own particles,
it 1s alfo acted upon by any external difturbing forces what-
ever. And, if P, Q, and R, be equal to, but in contrary di-
re@ions to Mys x 8 — ¢, Max x ?-—7,/ and Mxy x & = b, the
perturbations vanifh, and then about whatever axis the body is
firft impelled, it muft continue to revolve uniformly round it

for ever,
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Note referred to in page 519.

(C) Without any regard to the parallelopipedon, let the form of the body be what
it will, if the momenta of inertia round the three permanent axes be reprefented by
Maa, Mb%, and Mcc, the relative motive forces round thofe axes will always be ex-
prefled by Ma*s*, M&%”, and M’%®, adting at the diftance of radius therefrom.
And then, in fig, 4., the centrifugal motive force acting along BI, being=M#&” 2,

BI
that ading along BN at N will, by the laws of central force, be==Mb** x N’
and therefore the equivalent one, alting at S perpemiicu]ar to SI, will be=
. NI :
MFy* x :—B—\T:szyz x— —=Mb’yx urging the point S towards B, In like manner
L }l B

it is found, that the centrifugal motive force Ma’4* ading along CI produces
one at S perpendicular to SI=Ma’»y urging it towards C; and the difference of
thefe =Ma®xy — M*xy muft be the perturbating motive force at S, along the
great circle BSC, as found by the other methods, And in the very {fame mannew .
may thofe in the other great circles bounding the o&ant be found,
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